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I. Introdu
tion: Symboli
 Dynami
s
One 
ommonly used method for time series analysis is the 
on
ept of symboli
dynami
s. The basi
 idea is to 
onvert the measured data into a 
orrespondingsequen
e of symbols and thus giving a 
oarse-grained des
ription of theinvestigated system. The resulting sequen
e of symbols 
ould then be examinedby the 
on
epts of 
omplexity and Shannon entropy. However, the su

ess ofthis approa
h will mainly depend on the 
hoi
e of the partition. While the
onstru
tion of a generating partition mostly fails in the 
ase of empiri
al data,there are still some 
riteria on how su
h a mapping should be performed. Herewe will dis
uss the appli
ation of these 
on
epts fo
using on:� E�e
ts of 
hoosing di�erent partitions.� Comparision of the numeri
ally obtained values with theoreti
al estimatesfor 
ertain well-known model systems.

II. The Shannon n-gram Entropies
De�nition: As the basi
 ingredients we have� Symboli
 Sequen
es of length N , 
onsisting of su

essive symbols (letters)from a �nite alphabet A = fA1; A2; : : : ; A�g. Substrings are termedn-words or n-blo
ks.

   010110
n-Block oder n-Wort

...100101             0110101011010...

� The maximal possible number of di�erent n-blo
ks o

uring in the sequen
eis �n. Both, �nite size e�e
ts and stru
ture within the sequen
e will redu
ethis number 
onsiderably.� Assuming stationarity, any n-blo
k will o

ur with a probability p(n)i .� The information 
ontent of ea
h n-blo
k is I(n)i = � log p(n)i
The Entropy: Hn = �Pp(n)i logp(n)i

The entropies Hn are a measure of predi
tability and give the averageinformation 
ontained in a word of length n. For our purpose we will largelyrely on the 
onditional entropies hn, de�ned as:hn := Hn+1 �HnThe 
onditional entropies hn give the average information ne
essary to predi
tthe next letter, given the pre
eding n letters. Note that hn+1 � hn.A quantity of parti
ular interest is the limit h for large n.h := limn!1hn
Finite Size E�e
ts: The 
al
ulation of entropies is seriouslya�e
ted by systemati
 errors due to the �nite size of the samples. TheShannon entropy gets systemati
ally underestimated.h Hobservedn i � Hn � Mn � 12N log� (1)
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The Plot shows theaverage 
onditionalentropies hhni of abinary random sequen
efor di�erent sequen
elengths N = 100,1000 and 10000. Thetheoreti
al value ishn = 1 for all n. Alldeviations are due to�nite size e�e
ts. Thedashed lines indi
atethe standard deviation estimated out of 1000 trials. For further detailssee [3℄ and referen
es therein.

III. Entropy Analysis of S
alar Time Series
The appli
ation of the entropy 
on
ept requires a symboli
 representationof the real valued data xt. This is obtained by introdu
ing a partitionP = fP1; : : : ; P�g, whi
h divides the phase-spa
e � into � disjoint sets,ea
h of whi
h is labelled with a symbol Ai out the alphabet A. Consequently,the time evolution of the system is translated into a sequen
e of symbols.Considering the entropy hn(P ) as a fun
tion of the partition P , one gets thethe Kolmogorov-Sinai entropy hKS as the supremum over all possible partitions.

hKS := supfPg limn!1hn(P)
Pesin identity: Kolmogorov-Sinai entropy hKS 
an be no larger than thesum of the positive Liapunov exponents �+i . For 
ertain systems the equalityholds: hKS =P�+iGenerating Partitions: In the 
ase of deterministi
 and time-dis
retesystems f : Rm ! Rm any given n-word identi�es a 
ertain region �n inphase-spa
e. For a generating partition Pg this region is supposed to shrinkfurther and further for in
reasing n (dynami
al re�nement). Ea
h in�nitesymboli
 sequen
e 
orresponds to an individual point in phase-spa
e. In this
ase the supremum over all possible partitions may be omitted.
The optimal partition: For pra
ti
al purposes we will simply de�ne theoptimal partition as the partition that most e�e
tively the randomness of theorginal data. That is, the best partition is the one that gives the largest
omplexity estimate.

III. Example: The H�enon MapTo exemplify these 
on
epts we will dis
uss the 2-dimensional H�enon Mapxn+1 = 1� ax2n + bxn�1. We will not use the generating partition given byGrassberger et al. (1985), but instead we will simply estimate the 
onditionalentropy as the maximal value for a binary partition. The plot 
on�rms astrong dependen
e of the 
onditional entropy from the 
hoi
e of the partitionparameter.
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upper plot: The 
onditional entropies h0 to h12 (from above) as a fun
tionof the binary partition threshold 
. lower plot: The 
onditional entropiesand the positive Liapunov exponent �+ for the dissipative H�enon Map.

IV. Appli
ation to Neuronal Spike TrainsThe data: The measurement of the investigated interspike intervals goesba
k to Rapp et al. [2℄. The data 
onsists of seven single-unit re
ords obtainedfrom 
orti
al neurons of a rat before and after the appli
ation of peni
illindire
tly on the surgi
ally exposed 
erebral 
ortex. This pro
edure is believed tobe a (rather imperfe
t) model of human fo
al epilepsy. For further details see[2℄ and referen
es therein.The 
onditional entropies: All data was mapped on binary symbolsequen
es. The 
onditional entropies hn were estimated as a fun
tion of thethreshold parameter 
. In �gure 3 however we used the 
orresponding symbolprobability p to obtain a 
ertain invarian
e to data transformations.
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The 
onditional entropies h0 to h7 (from above) as a fun
tion of symbolprobability. Left: Neuron 1 and 6 before the appli
ation of peni
illin. Right:After the appli
ation of peni
illin.
Result: Starting with neuron 1 one observes that the estimated 
onditionalentropies strongly depend on the 
hoi
e of the partition. After the appli
ationof peni
illin this stru
ture has vanished. The plot looks like one of a randomsequen
e. However, this is no systemati
 feature of the investigated spiketrains. For neuron 6 the stru
ture is present before and after the appli
ation ofpeni
illin.

Surrogate Sequen
es: The validity of resultsobtained from �nite time series is usually veri�ed by
onsidering surrogate sequen
es with known statisti
al properties.
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The most straightforward wayin this 
ase is to build amarkovian pro
ess with memorym having the same transitionprobabilities as the orginalsequen
es. The plot shows the
onditional entropy of neuron 1before peni
illin treatment andthe 
orresponding results formarkovian surrogates up to order m = 3. The errorbars denotethe standard deviations of the surrogate ensembles. In the realm ofgood statisti
s, that means up to a word length of n � 5, the timeseries is 
onsistent with a third order markovian pro
ess.
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