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t. The 
on
ept of symboli
 dynami
s, entropy and 
omplexity measures as been widely utilizedfor the analysis of measured time series. However, little attention as been devoted to investigate the e�e
tsof 
hoosing di�erent partitions to obtain the 
oarse-grained symboli
 sequen
es. Be
ause the theoreti
al
on
epts of generating partitions mostly fail in the 
ase of empiri
al data, one 
ommonly introdu
es ahomogeneous partition whi
h ensures roughly equidistributed symbols. We will show that su
h a 
hoi
emay lead to spurious results for the estimated entropy and will not fully reveal the randomness of thesequen
e.PACS. 05.45.Tp Time series analysis1 Introdu
tionEmpiri
al and experimental work usually 
onsists to agreat deal in a
quiring re
ords of real numbers. The maintask then is to extra
t the features of the investigatedsystem from that time series and, hopefully, be able totake a glan
e at the laws whi
h governs them. One 
om-monly used method for this purpose is the 
on
ept of sym-boli
 dynami
s. The basi
 idea is to 
onvert the measuredtime series into a 
orresponding sequen
e of symbols andthus giving a symboli
 representation of the investigatedsystem. Con
epts to analyze su
h sequen
es were alreadygiven 1951 by C. Shannon in his seminal paper \Predi
-tions and Entropy of Printed English". Sin
e then, Shan-non's approa
h was applied to a wide range of topi
s, in-
luding biosequen
es and many other information 
arriers[1{6℄.In the �rst se
tion we will give a brief introdu
tion tothe 
on
epts of symbol sequen
e analysis. In the se
ondse
tion we will review the appli
ation of these 
on
epts tos
alar time series. One 
ommon approa
h is to introdu
e a
oarse-grained des
ription of the sequen
e by partitioningthe 
ontinous phase spa
e into a �nite number of 
ells.We will dis
uss the appli
ation of these 
on
epts, usingthe logisti
 map as a well known example. In parti
ularwe will investigate the e�e
ts of using di�erent partitionsand 
ompare the results to earlier obtained theoreti
al val-ues.Finally we will apply these methods to the analysis of neu-ral spike trains, going ba
k to measurements of Rapp etal. [6℄. For this purpose we need to 
onsider the system-a 
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ati
 bias and �nite length e�e
ts in our entropy approx-imations. The validity of the results will be tested usingensembles of surrogate sequen
es.2 The Shannon n-gram EntropiesLet S be a sequen
e of length N 
omposed of symbols(letters) from a �nite alphabet of � letters. Substringsof n letters are termed n-words or n-blo
ks. Assumingstationarity, any n-word i is expe
ted to o

ur with thewell-de�ned probability p(n)i at any arbitrary site in thesequen
e. Following Shannon, the blo
k entropies of wordsof length n (n-gram entropies) are given byHn = �X p(n)i log p(n)i (1)The summation has to be 
arried out over all words withp(n)i > 0. The entropies Hn measure the amount of in-formation 
ontained in a word of length n or, equiva-lently, the average information ne
essary to predi
t a sub-sequen
e of length n. Thus one may introdu
e the 
ondi-tional entropies hn as the average information ne
essaryto predi
t the next symbol, given the pre
eding n symbols,by hn = Hn+1 �Hn : (2)The de�nition of the hn is supplemented by h0 := H1.Note that the interpretation of the 
onditional entropieshn implies the inequalityhn+1 � hn : (3)A quantity of parti
ular interest is the entropy of thesour
e de�ned as the limit of the 
onditional entropies



2 Molgedey, Ebeling, Steuer, Jimenez-Monta~no: Entropy and Optimal Partition for Data Analysishn for large n. h := limn!1hn = limn!1 Hnn (4)The limit entropy h (or Kolmogorov-Sinai entropy) is theaverage amount of information ne
essary to predi
t thenext symbol when being informed about the 
omplete pre-history of the system. Sin
e a positive Kolmogorov-Sinaientropy implies the existen
e of a positive Lyapunov ex-ponent, it is an important measure of 
haos. The speedof 
onvergen
e of the di�erential entropies to their limit h
an be taken as a measure of 
orrelations [7{9℄.3 Entropy Analysis of S
alar Time SeriesA dire
t appli
ation of the entropy 
on
ept requires a sym-boli
 representation of the real value data xt.This is a
hieved by introdu
ing a (�nite) partition P ,whi
h divides the full 
ontinous phase-spa
e � into � dis-joint sets. Ea
h set is labelled with a symbol (or letter)Ai out of the alphabet A. The resulting symbol sequen
enow gives a 
oarse-grained des
ription of the time evolu-tion of the dynami
al system. Applying the 
on
epts ofthe �rst se
tion on the symboli
 sequen
es one gets the
onditional entropies hn(P ) with respe
t to the partitionP . In the 
ase of deterministi
 and time-dis
rete systemsf : Rm ! Rm ea
h n-word identi�es a region �n in phase-spa
e, �n = A1 \ f�1(A2) \ : : : \ f�(n�1)(An) (5)with f�(i�1)(Ai) denoting the (i� 1)th ba
kward iterateof the partition 
orresponding to the ith letter. For an ap-propriate 
hoi
e of the partition the region �n is supposedto shrink further and further for in
reasing n (dynami
alre�nement). The Kolmogorov-Sinai entropy h is given bythe limit of the 
onditional entropies hn(P ) for �ner and�ner partitions or equivalently, as the supremum over allpossible partitions Ph = supfPg limn!1hn(P ) : (6)For a generating partition Pg the limit for �ner and �nerpartitions may be avoided. A partition is 
alled generat-ing if the dynami
al re�nement for in
reasing n dividesthe pha
e spa
e into arbitrarily �ne regions, that is ea
h(in�nite) symbol sequen
e 
orresponds to an individualpoint in pha
e-spa
e. In this 
ase the mapping betweenthe (in�nite) symboli
 sequen
e and the (in�nite) s
alartime series is unique.Even though generating partitions are known for severalsystems [10℄, in most 
ases a dire
t appli
ation of these
on
epts fails due to the obsta
le of 
onstru
ting su
h apartition for a given system. For pra
ti
al purposes wewill simply de�ne the best partition as the the partitionthat most e�e
tively reveals the randomness of the orginaldata as already suggested in [6℄.
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Fig. 1. The 
onditional entropies h0 to h10 for the logisti
 mapat r = 3:95 in de
ending order as a fun
tion of the threshold pa-rameter 
 and sequen
e length N = 100000. The dotted valuesindi
ate the 
onditional entropy h10 
al
ulated with N = 1000.However we shall note the relationship of Kolmogorov-Sinai entropy h to the Liapunov exponents �. In most
ases h is equal to the sum of positive Liapunov expo-nents �+ (Pesin identity).h =X�+i (7)4 The Logisti
 MapAs perhaps one of the best studied system in nonlineardynami
s, the logisti
 map needs no spe
ial introdu
tion.xn+1 = f(xn) = rxn(1� xn) r 2 [0; 4℄ (8)We will use it to exemplify the 
on
ept of a 
oarse graineddes
ription and will bene�t from the fa
t that most prop-erties are known analyti
ally. A generating partition isgiven by the 
riti
al point 
 = 0:5.xn 2 [0; 
℄! Sn = 0 xn 2 (
; 1℄! Sn = 1 (9)The resulting symboli
 dynami
s at the period a

umu-lation point r1 = 3:5699::: has already been studied indetail by several authors [11℄. Now we negle
t our knowl-edge of the generating partition and estimate the 
ondi-tional entropies hn for 
 2 [0; 1℄ and r = 3:95. As expe
tedand already observed in [12℄ the higher order entropies at-tain their maximal value for a partition with 
 = 0:5 (seeFig.1). With respe
t to the maximum entropy we will 
allthis an optimal binary partition. As observed in Fig. 1the a

ura
y of the estimated entropies hn is seriously af-fe
ted by systemati
 errors due to the �nite length N ofthe sequen
e. How these diÆ
ulties 
an be dealt with hasalready been investigated in previous work [3℄. Note thatfor in
reasing n the 
onditional entropies hn 
onverge to-wards the positive Liapunov exponent �+. In Fig. 2 this is
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onditional entropies h0, h1, h5 and h10 (fromabove) and the Liapunov exponent � (lowest 
urve) versus pa-rameter r.visualized by plotting hn for in
reasing n versus parameterr.5 The Analysis of Neural Spike TrainsAs an appli
ation we will dis
uss time series obtained frominterspike interval trains, going ba
k to measurements ofRapp et. al. [6℄. The data 
onsists of seven single-unitre
ords of length N = 1000 obtained from 
orti
al neu-rons of a rat before and after the appli
ation of peni
illin.All data was mapped on binary symbol sequen
es depen-dend on the threshhold parameter 
. Instead of plottingthe 
onditional entropies hn versus the threshold param-eter we swit
h to the 
orresponding symbol probability.This will yield a 
ertain invarian
e to simple data trans-formations like f(x) = xpjxj. Starting with neuron 1 be-fore peni
illin treatment one observes that the estimated
onditional entropies hn are strongly dependend on the
hoi
e of the binary partition (see Fig.3). After the appli-
ation of peni
illin the observed stru
ture has vanished asseen in Fig.4. The entropy plot looks very mu
h like thatof a random sequen
e.We shall note however that this isno systemati
 feature before and after peni
illin treatmentbut 
ould also be found vi
e versa (See Table 1). Beforewe pro
eed we should stress two points. By maximizingthe 
onditional entropy of a binary sequen
e with respe
tto the partition threshold 
 we do not meet Kolmogorov's
riterion for the supremum of the 
onditional entropiesfor all possible partitions Se
ondly, we do not 
laim thatthese estimated entropies should tend towards the sum ofpositive Liapunov exponents. What we aim at are simplerules about how the 
hoi
e of a partition should be per-formed to most e�e
tively reveal the stru
ture of a givensequen
e.
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Fig. 3. Neuron 1 before peni
illin treatment: The 
onditionalentropies h0 to h7 in de
ending order as a fun
tion of the sym-bol '0' probability p.
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Fig. 4. Neuron 1 after peni
illin treatment: The 
onditionalentropies h0 to h7 in de
ending order as a fun
tion of the sym-bol '0' probability p.5.1 Finite Size E�e
ts and Surrogate Sequen
esThe approximation of the Kolmogorov{Sinai entropy re-quires to 
onsider longer and longer words. However, onexperimental data, this is limited due to �nite length ef-fe
t. Therefore the optimal partition should maximize hnfor a large, but �nite, word length n+1. Large means hereas large as possible with small �nite length e�e
ts.In order to deal with the �nite length e�e
ts, we builtfor ea
h partition a series of ensembles of surrogate se-quen
es with the identi
al length as the original data. Thesequen
es of the series m = 0; 1; : : : were 
onstru
ted bya Markovian pro
ess with memory m having the sametransition probabilities p(Am+1jAm; : : : ; A1) as the origi-



4 Molgedey, Ebeling, Steuer, Jimenez-Monta~no: Entropy and Optimal Partition for Data AnalysisNeuron 1 Neuron 2 Neuron 3 Neuron 4 Neuron 5 Neuron 6 Neuron 7p 0.63 ! 0.52 0.53 ! 0.52 0.48 ! 0.47 0.5 ! 0.48 0.37 ! 0.49 0.64 ! 0.61 0.43 ! 0.54h0 0.95 ! 1.00 1.00 ! 1.00 1.00 ! 1.00 1.00 ! 1.00 0.95 ! 1.00 0.94 ! 0.96 0.99 ! 1.00h1 0.90 ! 1.00 1.00 ! 1.00 1.00 ! 0.97 1.00 ! 1.00 0.89 ! 1.00 0.88 ! 0.92 0.95 ! 0.99h2 0.88 ! 0.99 0.99 ! 0.99 0.98 ! 0.97 1.00 ! 0.99 0.86 ! 0.99 0.86 ! 0.89 0.95 ! 0.99h3 0.87 ! 0.98 0.99 ! 0.99 0.97 ! 0.97 1.00 ! 0.99 0.85 ! 0.99 0.83 ! 0.88 0.95 ! 0.99h4 0.86 ! 0.97 0.99 ! 0.99 0.96 ! 0.96 1.00 ! 0.98 0.85 ! 0.98 0.83 ! 0.88 0.95 ! 0.98Table 1. The 
onditional entropies hn before and after peni
illin treatment, denoted as (before! after) for all seven investigatedneurons. The entropy was estimated for a binary partition with respe
t to h3 being maximal. The �rst row denotes the symbol'0' probability p 
orresponding to the threshold parameter.
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onditional entropy of neuron 1 before peni
illintreatment and 
orresponding surrogate sequen
es in the 
aseof an optimal binary partitionnal sequen
e. That means the sequen
es of order m = 0are Bernoulli sequen
es with the same mean symbol fre-quen
ies as the original sequen
e. The �rst order surro-gate sequen
e m = 1 
orresponds to a �rst order Markovpro
ess with the the same transition probabilities as theoriginal sequen
e. In Fig. 5 and 6 the 
onditional entropieshn of the original and surrogate sequen
es for two di�er-ent partitions are shown. The errorbars show the standarddeviations of the surrogate ensembles. The deviations aredue to �nite size e�e
ts. We used that parti
ular param-eter m as the value for optimizing the partition, wherethe 
onditional entropies of the original sequen
e were the�rst time within the 
on�den
e intervals of the surrogatesequen
es having a memory of m. Hen
e, in the 
on
rete
ase h3 was used for �nding the optimal partition.6 Con
lusionWhen applying the 
on
epts of symboli
 dynami
s to mea-sured time series spe
ial diligen
e should be devoted tothe 
hoi
e of the partition. As we have demonstrated ahomogenous partition might lead to spurious results forthe estimated 
onditional entropies. We therefore suggestto maximize the entropies given a 
ertain length of the al-phabet. This method is easily generalized to three or more
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onditional entropy of neuron 1 before peni
illintreatment and 
orresponding surrogate sequen
es, partitionedwith equal symbol frequen
y.symbols. What has yet to be 
onsidered is the 
ompara-bility of entropies stemming from di�erent en
odings within
reasing alphabet length. Still, 
hoosing the partitiona

ording to a maximized entropy gives a better tool todi�erentiate sequen
es than the usually used homogeneouspartition. This work was supported by the DFG (Sfb 555 -Proje
t A5). MAJM thanks CONACyT (Proje
t 32201-E)for partial support.Referen
es1. C. Shannon; Bell Systems Te
h. 30, 50 (1951)2. W. Ebeling, M.A. Jimenez-Montano; Math. Bios
i. 52, 53(1980)3. H. Herzel, A. O. S
hmitt and W. Ebeling; Chaos, Solitons& Fra
tals Vol. 4, No. 1 (1994); Phys. Rev. E 50, 5061 (1994)4. A. O. S
hmitt, W. Ebeling, H. Herzel; Biosystems 37, 199(1996)5. W. Ebeling, M.A. Jimenez-Monta~no, T. Pohl; in: Karmeshu(ed.) 'Entropy Measures, Maximum Entropy Prin
iples andemerging appli
ations', Springer Berlin (2000)6. P. E. Rapp, I. D. Zimmerman, E. P. Vining, N. Cohen, A.M. Albano, M. A. Jim�enez-Monta~no; The Journal of Neuro-s
ien
e 148, 4731 (1994)7. A. N. Kolmogorov; Problemy Pereda
hi Inform. 1 (1965);IEEE Transa
tions Inform. Theory 14, 14 (1968)



Molgedey, Ebeling, Steuer, Jimenez-Monta~no: Entropy and Optimal Partition for Data Analysis 58. Ya. B. Sinai, Dokl. Akad. Nauk. USSR 124, 768 (1959);125, 1200 (1959)9. J.-P. E
kmann, D. Ruelle; Rev. Mod. Phys., 57, No. 3(1985)10. A. Politi, F. Christiansen; Phys. Rev E 51, R3811 (1995)11. K. Karamanos, G. Ni
olis; Chaos, Solitons & Fra
tals Vol.10, No. 7 (1999)12. J.P. Crut
h�eld, N. H. Pa
kard; Physi
a D 7, 201 (1983)13. H. Atmanspa
her, J. Kurths, H. S
heingraber, R. Wa
ker-bauer, A. Witt; Open Systems & Information Dynami
s 1,269 (1992)


