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Abstract

Linearandnonlinearcorrelationsbetweenprice change®f the Germanstockindex DAX
andthe implied volatility index VDAX on a daily basis,January92 — Septembe®8, are
studied.

A rescalingof the underlyingstockindex changegy theimplied volatility reduceghe
non-Gaussiamatureof the probability distribution of theseprice changesThe nonlinear
time correlationsarereducecaswell.
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1 Introduction

It wasalreadyobsenredin the financialliteratureof the early sixties, notablythe
pioneeringwork of Mandelbrot[3], that stock price changeshave non-Gaussian
propertiesg.g.fattails [3-5]. In the lastfew yearsphysicistsstartedto focustheir
intereston the nontrivial scalingpropertiesof theseprobability densityfunctions
[6-13]aswell asonnonlinearcorrelationsn financialtime serieg12,13].1t is well
known thatin liquid marketsthe autocorrelatiorfunction of price changesapidly
goesto zerowithin a few minutes.But this doesnot imply the independencef
the pricechangesAs anexamplethe autocorrelatiorfunction of the squaredorice
changeslecaysslowly in the orderup to a month.In the financialcommunitythis
is known asthevolatility clusteringeffect.

Therearealargenumberof modelstrying to explaintheuppertwo empiricalfacts.
Themostlyusedmodelsareautorgressve conditionalheteroscedasticifARCH)
models[14], their generalisation§GARCH) [15] and stochasticvolatility (SV)
models[16].
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Much effort wasspentin improving thesekind of modelsfor usingthemfor option
pricingin therecentpast[17].

Howeverfurthermoret will bearguedthatmostof thenon-Gaussiapropertiesare
alreadyincludedin the market pricesof options.

2 Brownian motion and and non constant volatility

Thebasicassumptionn the Black & Scholesoptionpricing theory[18] is thatthe
priceof theunderlyingassetS(¢) is describedy a geometricBrownianmotion

S(t)=S(t) - (u+0-£()) (1)

wheref(t) is aGaussiamwhite noise, . is adeterministidunctionandthevolatility
o is a constant.To compareempiricaldatawith the assumption®f Equ. (1) one
definesthereturnas

ras(t) =1n (S(t)) —In (S(t — At)) (2)

whereAt is thetime betweertwo measurementsf the price.For thisstudiesdone
in this paper the daily dataof the Germanstockindex DAX [1] of 1687trading
daysfrom Januaryl992to Septembef998,e.9.At = 1 trading day, wereused.

In Fig. 1 the probability densityfunction of the daily returnsis plotted. Though,

therearedeviationsfrom a Gaussiardistribution, they are small but notableeven

for thedaily data.Usinghighfrequentime seriesonefindsmuchlargerdifferences
to aGaussiaristribution[7]. Moreremarkablaleviationsfrom Gaussiamoiseare

foundin thenonlinearautocorrelatioriunctions.As anexampletheautocorrelation
functionof thesquaredeturns

K2y = St 7) = )? - (r(t) = 7)%)

(e +7) = Py )

wherer = (r(t)) andtheangularbracletsdenotethetime averages plottedin Fig.

2. Accordingto Wick’s theoremfor Gaussiamoisethe nonlinearautocorrelation
functionsshouldobey K?2(0) = 3 and K*?(7 # 0) = 1. However the empirical

functiondropsdown slowly from K??(0) = 7.3 to one.Thisis in contradictionto

the constantwolatility assumptionn Equ.(1).
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Fig. 1. Probabilitydensityof daily returnsof the DAX index (pluses)andof the rescaled
returns(crosses)The solid curve is a GaussianAll distributions are normalisedto zero
meanandvarianceone.

3 Implied volatility as an estimator for the expected price changes

Althoughoneof thebasicassumptionsf theBlack& Scholeptionpricingtheory
is notvalid, the Black & Scholesformulais usedin practise’backwards’in order
to calculatethe so-calledimplied volatility [19]. This is the volatility one hasto
insertinto the Black & Scholesformulato obtainthe obsered market price for a
certainoption. The implied volatility is hencethe market consensusf volatility
for a certaintime horizon(time until the expirationof the option) andfor a certain
strike price of the option.

Now it will be testedwhetherin the market pricesof optionsthe non-Gaussian
propertiesof the underlyingarealreadyincludedor not. Thereforewe rescalethe
returnsof the underlyingof the option by the implied volatility of at-the-mong
optionsomy (t), €.9.

r(t)

Timpi (1)

T'res (t) = (4)

If theimplied volatility ;,,,,(¢) would matchwith thetime dependentolatility o
from Equ. (1), the rescaledeturnwould be a measuremerfor the noise¢(¢) and
hopefullyit would be Gaussian.
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Fig. 2. Autocorrelationfunction of the squaredreturns K22(t) (solid line) and of the
squaredrescaledreturns K22 (1) (dashedined). For white Gaussiamoiseit shouldbe
constantlyone(r > 0)

Insteadof the pricesof the optionsonthe DAX the Germanvolatility index VDAX
[2] is directly usedas o,y (t) in orderto rescalethe daily returnsof the DAX.
Sincethe VDAX is calculatedor aremaininglifetime of 45 calendadaysonecan
assumehat even allowing a time varying volatility o(¢) in Equ. (1) the resulting
returnsfor 45dayswouldbedravn from aGaussiamlistribution. Hencethesquared
implied volatility shouldcoincidewith the expectationvalueof thetime averageof
thesquaredrolatilities

= / o(t')? dt’] (5)

whereT is thelifetime of theoption,e.qg.T = 45 calendadays.

Dueto (5) it cannot be expectedthat rescalingby the implied volatility will re-
move all non-Gaussiamproperties.However the probability density function of
therescaledeturnsis slightly betterfitted by a Gaussiardistribution thenthe un-
scaledFig. 1). Thekurtosisasa measurdor non-Gaussiabehaiour is significant
smaller:k,.s = 2.0 < k = 4.3. Furthermordghe nonlinearautocorrelatiorfunction
K?2 (1) is muchfasterdecayingasdepictedn Fig. 2.

res



Tablel
Fitted parametersf themodel(6,7).

p = 6.2-1074 (Es(t)és(t)) = 3.4-10776(¢,t")
k = 0.014 (&,()?) = 2.0-1073
© = 283 (&)t —1)) = -0.1-(&(t)%)
(s (t) = —0.49V/(&s(1)?) (6 (8)%)

4 Discussion

Looking atthe upperanalysisit seemghatthe non-Gaussiapropertiesof the un-
derlying(DAX) arealreadypricedin the market pricesof theoptions.To goalittle
bit moreinto detail the following model was fitted to the two dimensionaltime
seriesof theunderlying(DAX) andof theimplied volatility (VDAX)

St)=5(t) - (u+o(t) - (1)) (6)
o(t)=o(t) - (k- (© —Ino(t)) +&(t)) (7)

with the parametersaccordingto Tah 4. £s(t) and &,(t) are negativ correlated
noise fairely approximatedy a Gaussiar¢s(t) morethené, (t)).

This model,which is quite similar to the stochastiosolatility modelsusedfor op-
tion pricing [16], is ableto reproducehesetwo upperquotedempiricalfacts.Due
to the negative correlationof thetwo typesof noisetheresultingprobability distri-
bution of theunderlyingreturnswill benon-Gaussiargtleaston shorttime scales.
Furthermorteheslow decayof thenonlinearcorrelationfunctionsfollowsfrom the
long memoryandmeanreverting propertiesof the volatility (deterministicdermin
Equ.(7)). Theparametekr canbeinterpretedasaninversedecaytime of volatility
shockswith a half-life periodof around48 tradingdays,which is ratherlong and
canbecomparedvith the characteristicimescaleof Fig. 2.

5 Conclusion

It seemgo beclearthatthemarketconsensus muchbetterin pricing optionsthan
ary theorycando.
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