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Abstract

Linearandnonlinearcorrelationsbetweenpricechangesof theGermanstockindex DAX
andthe implied volatility index VDAX on a daily basis,January92 – September98, are
studied.

A rescalingof theunderlyingstockindex changesby the implied volatility reducesthe
non-Gaussiannatureof the probabilitydistribution of theseprice changes.Thenonlinear
timecorrelationsarereducedaswell.
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1 Introduction

It wasalreadyobserved in the financial literatureof the early sixties,notablythe
pioneeringwork of Mandelbrot[3], that stockprice changeshave non-Gaussian
properties,e.g.fat tails [3–5]. In thelast few yearsphysicistsstartedto focustheir
intereston the nontrivial scalingpropertiesof theseprobability densityfunctions
[6–13]aswell asonnonlinearcorrelationsin financialtimeseries[12,13].It is well
known that in liquid marketstheautocorrelationfunctionof pricechangesrapidly
goesto zerowithin a few minutes.But this doesnot imply the independenceof
thepricechanges.As anexampletheautocorrelationfunctionof thesquaredprice
changesdecaysslowly in theorderup to a month.In thefinancialcommunitythis
is known asthevolatility clusteringeffect.

Therearea largenumberof modelstrying to explain theuppertwo empiricalfacts.
Themostlyusedmodelsareautoregressiveconditionalheteroscedasticity(ARCH)
models[14], their generalisations(GARCH) [15] and stochasticvolatility (SV)
models[16].
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Mucheffort wasspentin improving thesekind of modelsfor usingthemfor option
pricing in therecentpast[17].

Howeverfurthermoreit will bearguedthatmostof thenon-Gaussianpropertiesare
alreadyincludedin themarket pricesof options.

2 Brownian motion and and non constant volatility

Thebasicassumptionin theBlack & Scholesoptionpricing theory[18] is thatthe
priceof theunderlyingasset
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is describedby ageometricBrownianmotion
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where
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is aGaussianwhitenoise,
�

is adeterministicfunctionandthevolatility�
is a constant.To compareempiricaldatawith the assumptionsof Equ. (1) one

definesthereturnas
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where
,.�

is thetimebetweentwo measurementsof theprice.For thisstudies,done
in this paper, the daily dataof the Germanstockindex DAX [1] of 1687trading
daysfrom January1992to September1998,e.g.

,/�	�1032&46587:9)":;<7�5�=
, wereused.

In Fig. 1 the probability densityfunction of the daily returnsis plotted.Though,
therearedeviationsfrom a Gaussiandistribution, they aresmall but notableeven
for thedaily data.Usinghighfrequenttimeseriesonefindsmuchlargerdifferences
to aGaussiandistribution[7]. Moreremarkabledeviationsfrom Gaussiannoiseare
foundin thenonlinearautocorrelationfunctions.As anexampletheautocorrelation
functionof thesquaredreturns
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where
H� � D � ����� I andtheangularbracketsdenotethetimeaverageis plottedin Fig.

2. Accordingto Wick’s theoremfor Gaussiannoisethe nonlinearautocorrelation
functionsshouldobey

> ?A? �%LM�N�PO
and

> ?A? ��BRQ�SLM�N�T0
. However theempirical

functiondropsdown slowly from
> ?A? ��LM�U�WVYXZO

to one.This is in contradictionto
theconstantvolatility assumptionin Equ.(1).
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Fig. 1. Probabilitydensityof daily returnsof theDAX index (pluses)andof the rescaled
returns(crosses).The solid curve is a Gaussian.All distributions arenormalisedto zero
meanandvarianceone.

3 Implied volatility as an estimator for the expected price changes

Althoughoneof thebasicassumptionsof theBlack& Scholesoptionpricingtheory
is not valid, theBlack & Scholesformula is usedin practise‘backwards’ in order
to calculatethe so-calledimplied volatility [19]. This is the volatility onehasto
insertinto theBlack & Scholesformula to obtaintheobservedmarket price for a
certainoption. The implied volatility is hencethe market consensusof volatility
for a certaintime horizon(time until theexpirationof theoption)andfor a certain
strikepriceof theoption.

Now it will be testedwhetherin the market pricesof optionsthe non-Gaussian
propertiesof theunderlyingarealreadyincludedor not. Thereforewe rescalethe
returnsof the underlyingof the option by the implied volatility of at-the-money
options

�:[]\_^J`a�����
, e.g.
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If theimplied volatility
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would matchwith thetime dependentvolatility
�

from Equ.(1), the rescaledreturnwould bea measurementfor thenoise
�������

and
hopefullyit wouldbeGaussian.
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Fig. 2. Autocorrelationfunction of the squaredreturns f ?A?�gih�j (solid line) and of the
squaredrescaledreturns f ?A?bAcad gih�j (dashedlined). For white Gaussiannoiseit shouldbe
constantlyone(

hlknm
)

Insteadof thepricesof theoptionsontheDAX theGermanvolatility index VDAX
[2] is directly usedas

�:[]\_^J`%�����
in order to rescalethe daily returnsof the DAX.

SincetheVDAX is calculatedfor a remaininglifetime of 45calendardaysonecan
assumethat even allowing a time varying volatility

�o�����
in Equ. (1) the resulting

returnsfor 45dayswouldbedrawn fromaGaussiandistribution.Hencethesquared
impliedvolatility shouldcoincidewith theexpectationvalueof thetimeaverageof
thesquaredvolatilities
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where
t

is thelifetime of theoption,e.g.
t �!~M�

calendardays.

Due to (5) it cannot be expectedthat rescalingby the implied volatility will re-
move all non-Gaussianproperties.However the probability density function of
therescaledreturnsis slightly betterfitted by a Gaussiandistribution thentheun-
scaled(Fig. 1).Thekurtosisasameasurefor non-Gaussianbehaviour is significant
smaller: � bacad �
��X�Ll� � �!~{X�O

. Furthermorethenonlinearautocorrelationfunction> ?A?bAc*d ��B�� is muchfasterdecayingasdepictedin Fig. 2.
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Table1
Fittedparametersof themodel(6,7).� = �8���U��� m8��� �#�e��g#��j%�e��g#� y jA�

= �8������� m8�Y����g#�&�A� y j� = 0.014
�#�J {g#�Aj*?e�

= �8� m ��� m8��¡¢
= 2.83
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4 Discussion

Looking at theupperanalysisit seemsthat thenon-Gaussianpropertiesof theun-
derlying(DAX) arealreadypricedin themarketpricesof theoptions.To goa little
bit more into detail the following model wasfitted to the two dimensionaltime
seriesof theunderlying(DAX) andof theimplied volatility (VDAX)
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with the parametersaccordingto Tab. 4.
� � �����

and
�   �����

are negativ correlated
noise,fairely approximatedby a Gaussian(

� � �����
morethen

�   �����
).

This model,which is quitesimilar to thestochasticvolatility modelsusedfor op-
tion pricing [16], is ableto reproducethesetwo upperquotedempiricalfacts.Due
to thenegativecorrelationof thetwo typesof noisetheresultingprobabilitydistri-
butionof theunderlyingreturnswill benon-Gaussian,at leastonshorttimescales.
Furthermortetheslow decayof thenonlinearcorrelationfunctionsfollowsfrom the
long memoryandmeanrevertingpropertiesof thevolatility (deterministictermin
Equ.(7)). Theparameter� canbeinterpretedasaninversedecaytimeof volatility
shockswith a half-life periodof around48 tradingdays,which is ratherlong and
canbecomparedwith thecharacteristictimescaleof Fig. 2.

5 Conclusion

It seemsto beclearthatthemarketconsensusis muchbetterin pricingoptionsthan
any theorycando.
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