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tOn experimental data the histori
al volatility is usually 
al
ulated by averagingthe lo
al varian
e (or its generalizations) over a �nite time window. Already in the
ase of a 
onstant volatility in the Gaussian model the resulting histori
al volatilityis non-Gaussian distributed. We will 
al
ulate histori
al volatility distributions inthe Gaussian and GARCH(1,1) model for di�erent time window size and 
omparethem with those obtained from the S&P500 data [1, 2, 3℄.



Native Sto
hasti
 VolatilityHistori
al volatility �N is usually measured by 
al
ulating the standard deviation of thelogarithmi
 pri
e in
rements (returns)ri=t=�t = G�t(t) = lnS(t)� lnS(t��t) (1)for a time window N�t, where �t is the time s
ale. To 
ompare with [1, 2, 3℄ we 
hoose�t = 30 or 1 minute. The measurement of the standard deviation�N =vuuut 1N(N � 1)0�N NXi=1 r2i � NXi=1 ri!21A (2)is due to the sampling sto
hasti
, already in a 
onstant volatility world. 1



A Constant Volatility WorldAssume a market that is normally distributed (in its returns) with 
onstant volatility �1.From sampling theory its known thatx = (N � 1)�2N�21 (3)is �2-distributed withN�1 degrees of freedom. Therefor theN -period histori
al volatilitydistribution 
an be 
al
ulated asP (�N) = �2N�1(x) dxd�N (4)= �2N�1 (N � 1)�2N�21! 2(N � 1)�N�21 (5)2



= nn=2�n�1N exp��n�2N2�1�2n=2�1�n1�(n=2) ; n = N � 1 : (6)A GARCH(1,1) WorldIn [5℄ the following GARCH(1,1) was 
ompared to a S&P500 analysis�2t = �0 + �1rt�1 + �1�2t�1 ; (7)where �0; �1; �1 are 
ontrol parameters and rt�1 is a random variable with a Gaussiandistribution of zero mean and standard deviation �t�1. The 
hoi
e of parameters�0 = 2:3 � 10�5, �1 = 0:09105 and �1 = 0:9 leads to the same un
onditionalvarian
e �21 = �01� �1 � �1 � 2:57� 10�3 (8)3



as observed in the empiri
al analysis of the S&P500 
hanges for the time intervals�t = 1min. To 
ompare with the S&P500 data [1, 2, 3℄ equation (8) is iterated with atime lag �t = 1min and integrated to �t = 30min.In �gure 1 the (histori
al) volatility distribution for di�erent time windows is plotted.For 
omparison the distribution for the 
onstant Gaussian model is shown also. Figure 3shows in a log{log{s
ale the powerlaw behavior for extreme volatilities. The results are ina good agreement with those obtained from the S&P500 as depi
ted in �gure 2.Detrended Flu
tuation AnalysisTo 
ompare with [2, 3℄ we �rst de�ne the displa
ement y(t) by integrating j�tj on a times
ale �t = 30min y(t) = tXi=1 j�ij (9)4



and 
al
ulate the mean square 
u
tuation F (t) around the average displa
ement given by:F (t) =qh(�y(t))2i � h�y(t)i2 ; (10)where �y(t) = y(t + t0)� y(t0) and h: : :i is the average over all initial times t0.In the Gaussian model F (t) follows the s
aling law F (t) / t0:5. In the GARCH(1,1)pro
ess the s
aling exponent is approximately identi
al with this of the S&P500 data (see�gures 4 and 5). However for a long time horizon the s
aling breaks down to the s
alingof the Gaussian pro
ess. Dis
ussionIn summary, the GARCH(1,1) pro
ess des
ribes adequate the s
aling properties of theS&P500 volatility distribution however it fails to des
ribe properly the s
aling of thedistribution of pri
e 
hanges itself [5℄. 5



t = 30 min∆
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Figure 1: Volatility distribution in a 
onstant volatility and GRACH(1,1) world. The timelag �t = 30 min. as in [1, 2, 3℄. The standard deviations are 
al
ulated in a time windowof 150, 300, 600 and 1200 minutes. 6
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Figure 2: Stolen from [3℄. Volatility distribution for the S&P500 data with di�erent timewindows of 120, 300, 600, 900 minutes (�t = 30min). 7
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Figure 3: Same as in Fig. 1 for the GARCH(1,1) world in a log{log{s
ale. Note thepowerlaw for extreme volatilities. 8
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Figure 4: Detrended 
u
tuation analysis for the GARCH(1,1) pro
ess. 9
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Figure 5: Stolen from [3℄. Detrended 
u
tuation analysis for the S&P500 data. 10
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