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t. We 
onsider time series of �nan
ial data as the Dow Jones Index with respe
t to the existen
e oflo
al order. The basi
 idea is that in spite of the high sto
hasti
ity in average there might be spe
ial lo
alsituations where there lo
al order exist and the predi
tability is 
onsiderably higher than in average. Inorder to 
he
k this assumption we dis
retise the time series and investigate the frequen
y of the 
ontinuationof de�nite words of length n �rst. We prove the existen
e of relatively long-range 
orrelations under spe
ial
onditions. The higher order Shannon entropies and the 
onditional entropies (dynami
al entropies) are
al
ulated, 
hara
teristi
 
u
tuations are found.Instead of the dynami
 entropies whi
h yield mean values of the un
ertainty/predi
tability we �nallyinvestigate the lo
al values of the un
ertainty/predi
tability and the distribution of these quantities.PACS. 05.45.Tp Time series analysis { 02.50.Ey Sto
hasti
 pro
esses { 65.50.+m Thermodynami
 prop-erties and entropy1 Introdu
tionOne of the basi
 problems of e
onomy and �nan
e is thepredi
tability of future events. We know from our every-day experien
e that in spite of the 
omplexity of thesepro
esses some individuals are more su

essful in predi
t-ing than others.Within a large s
ale of un
ertainty predi
tions are in-deed possible and there exist good and bad methods tomake a predi
tion. The analysis of �nan
ial time seriesfrom the point of predi
tability has attra
ted a lot of in-terest [1{6℄.Usually one is interested in the predi
tion of frequentevents on a short time horizon [4℄ or of the rare events(
rashes, bubbles, anti{bubbles) on a longer time horizon[5℄. Sin
e predi
tability is far from being perfe
t one hasto address the signi�
an
e of the analysis. For rare eventsthere is no methodology to deal with mispredi
tions [6℄.Here we 
on
entrate on predi
tability and signi�
an
eon a daily time horizon using methods whi
h are based onShannons 
on
ept of information entropy [7℄.We 
onsider for simpli
ity one-dimensional time seriesof events in dis
rete state spa
e and dis
rete time. Let usdis
uss several 
hara
teristi
 
ases:As the basi
 quantity for estimating predi
tability westudy the lo
al probability distribution and the Shannonentropies H for 
ertain subtraje
tories, in parti
ular 
on-ditional (dynami
al) entropies [8,9℄. Assuming that an ob-servation has provided us a 
ertain traje
tory of length na lutz�molgedey.deb ebeling�physik.hu-berlin.de

(an n{word), we may ask for the un
ertainty of predi
t-ing the next state (letter). This is nothing else than thedi�eren
e between the Shannon entropies for traje
tories(words) of length n+ 1 and traje
tories of length n:hn = Hn+1 �Hn : (1)This 
onditional entropy measures the un
ertainty ofpredi
ting a state one step in the future, given a history
onsisting of n states, i.e. the present state and the pre-vious n � 1 states is known [10℄. Thus the estimation ofShannons n-gram entropies, whi
h often are 
alled blo
kentropies for a series of word length n, is our basi
 prob-lem. Predi
tability is measured in this work by di�eren
esof Shannon entropies, in other words by 
onditional en-tropies. The existen
e of long 
orrelations is expressed bylong de
reasing tails of the 
onditional entropies hn. Ingeneral our expe
tation is that any long-range memory de-
reases the 
onditional entropies and improves the 
han
esfor predi
tions.2 Conditional Entropy of Finan
ial TimeSeriesThis se
tion is devoted to the introdu
tion of several ba-si
 terms stemming from information theory whi
h weremostly used by Shannon already. Let us assume that thepro
esses or stru
tures to be studied are modelled by tra-je
tories on dis
rete state spa
es having the total length L.Let � be the length of the alphabet. Further let A1: : : Anbe the letters of a given subtraje
tory of length n � L. Let
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al Order, Entropy and Predi
tability of Finan
ial Time Seriesfurther p(n)(A1: : : An) be the probability to �nd a blo
k(subtraje
tory) with the letters A1: : : An in the total tra-je
tory. Then we may introdu
e the entropy per blo
k oflength n (the n-gram entropy):Hn = �X p(n)(A1: : : An) log� p(n)(A1: : : An) : (2)From the blo
k entropies we derive 
onditional en-tropies (n-gram dynami
 entropies) as the di�eren
es hn =Hn+1 �Hn. Further we de�nern = 1� hn (3)as the average predi
tability of the state following aftera measured n-traje
tory. We remember that hn = 1 isthe maximum of the un
ertainty (in units of log(�)), sothe predi
tability is de�ned as the di�eren
e between themaximal and the a
tual un
ertainty. In other words, pre-di
tability is the information we get by exploration of thenext state in the future in 
omparison to the availableknowledge.The limit of the dynami
 n-gram entropies for largen is the entropy of the sour
e (
alled dynami
 entropyor Kolmogorov{Sinai entropy). The predi
tability of pro-
esses is 
losely 
onne
ted to these dynami
 entropies. Letus 
onsider a 
ertain se
tion of length n of the traje
tory,a time series, or another sequen
e of symbols A1: : : An,whi
h is often denoted as a sub
ylinder. We are interestedin the un
ertainty of the predi
tions of the state trailingthis parti
ular subtraje
tory of length n. Considering the
on
epts of Shannon again we de�ne now the expressionh(1)n (A1: : : An) =�X p(An+1jA1: : : An) log p(An+1jA1: : : An) (4)as the 
onditional un
ertainty of the next state (1 stepinto the future) following behind the measured traje
toryA1: : : An (Ai 2 alphabet). Hen
eforth all logarithms aremeasured in �-units. We note that in these units the in-equality holds: 0 � h(1)n (A1: : : An) � 1 : (5)Further we de�ner(1)n (A1: : : An) = 1� h(1)n (A1: : : An) (6)as the predi
tability of the next state following after ameasured subtraje
tory, whi
h is a quantity between zeroand one. We note that the average of the lo
al un
ertaintyhn = h(1)n = Dh(1)n (A1: : : An)E=X p(A1: : : An)h(1)n (A1: : : An)leads us ba
k to Shannons un
ertainty (n-gram dynami
entropy). A possible generalisation 
on
erns the 
ase thatwe want to predi
t the state whi
h follows not immediately

after the observed n-string, but only after k steps into thefuture [11℄. We de�neh(k)n (A1: : : An) =�X p(An+k jA1: : : An) log p(An+kjA1: : : An)as the un
ertainty of the state whi
h o

urs k steps intothe future after the observation of an n-blo
k, or symbol-i
ally [A1: : : An℄(k � 1 states)[An+k =?℄ :Further we a

ordingly de�ne the predi
tabilitiesr(k)n (A1: : : An) = 1� h(k)n (A1: : : An) : (7)For n = 1 the predi
tability is 
losely related to the transin-formation (mutual information) whi
h may be expressedas [9℄ I(k) = r(k)1 + (h0 � 1) :For systems with long memory it makes sense to studythe whole series of predi
tabilities with in
reasing n-values(where n denotes the lower index)r(k)1 ; r(k)2 ; r(k)3 ; : : : ; r(k)m :Here m is an estimate for the length of the memory. Dueto the inequality r(k)n+1 � r(k)nthe average predi
tability may be improved by taking lon-ger blo
ks into a

ount. In other words, one 
an gain ad-vantage for predi
tions by basing the predi
tions not onlyon a
tual states but on whole traje
tory blo
ks whi
h rep-resent the a
tual state and its history.2.1 Entropy analysis of Finan
ial Time SeriesPredi
tion of strong noisy data using 
lassi
al linear meth-ods usually fails to give an a

urate and reliable 
on�-den
e level of the predi
tion. Moreover the linear methodsare dominated by the most frequent events. However pre-di
tability may not be 
onstant in time and even higherfor seldom events. The 
on
ept of entropy and lo
al pre-di
tability in 
ombination with 
lassi
al methods is a good
andidate to give reliable results. Appli
ations of these
on
epts to meteorologi
al strings were given in [11,12℄and to nerve signals in [13,16℄.In the following our 
on
ept will be demonstrated ondaily sto
k index data St: Dow Jones 1900-1999 (27,044trading days). Sin
e the sto
k index itself has an exponen-tially growing trend (see the inset of Fig. 1) one uses dailylogarithmi
 pri
e 
hangesxt = ln(St)� ln(St�1) : (8)A dire
t appli
ation of the entropy 
on
ept requires apartitioning of the real value data xt into symbols At ofan alphabet having the length �. Finding an optimal par-tition and alphabet is a pro
ess of maximising the entropy
onverging to the Kolmogorov{Sinai entropy.
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ial Time Series 3However for strong noisy signals with short memory anequal frequen
y of the letters is nearly optimal. For sta-tisti
al reasons one would like to 
hoose a small alphabetbut a large alphabet for the ba
kmapping of the predi
tedsymbols At+1 to the real values xt+1.To be 
on
rete � = 3 and At = 0;xt < �0:0025 (strongde
rease in the sto
k value), At = 2;xt > 0:0034 (strongin
rease), At = 1 (intermediate) were 
hosen. With thispartition the one symbol entropy is H1 = 1 as well asthe un
ertainty without prior knowledge is h0 = 1 by def-inition and one 
an dis
uss words up to 6 letters withstatisti
al signi�
an
e.The asymmetry in the partition is due to the expo-nentially growing trend expressed in a positive mean log-arithmi
 pri
e 
hange hxi = 0:0002 and a small skew inthe distribution of pri
e 
hanges.
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Fig. 1. Dow Jones (upper 
urve) and lo
al un
ertainty h5of the 6th symbol when seen 5 symbols (lower 
urve) for these
ond half of 1987. The inset shows the Dow Jones in a log-arithmi
 s
ale for the full period 1900{1999. The greyvalue inthe lower 
urve 
odes the level of signi�
an
e 
al
ulated fromsurrogates with memory of 2. Dark represents a large devia-tion from the noise level (good signi�
an
e). There is no trivial
ohoeren
e between the pri
e evolution (upper 
urve) and pre-di
tability (lower 
urve). However following a larger downturnthe predi
tability is likely to in
rease (for instan
e the higherpredi
tability following the O
tober 
rash).
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0 1 2 3 4 5 6 7Fig. 2. Conditional entropy hn = Hn+1 �Hn as a fun
tion ofword length n. Beyond n = 5 the 
al
ulation of the 
onditionalentropy is not reliable due to large statisti
al errors [8,9℄.The result of the 
al
ulation of the lo
al un
ertaintyhn(A1: : : An) for the next trading day following behindan observation of n trading days A1: : : An a

ording toequation (4) for n = 5 is plotted in Fig. 1 and Fig. 4. Thelo
al un
ertainty is 
lose to one, i.e. the lo
al predi
tabil-ity is almost very small. The value one means that the
onditional probabilities for all three symbols are identi-
al, wheras values smaller than one mean that the threesymbols have di�erent 
onditional probabilities - i.e. somepredi
tion is possible. Behind 
ertain patterns of sto
kmovements A1: : : An the lo
al predi
tability rea
hes 8%{ a notable value for the sto
k market, whi
h is usuallypurely random. The mean predi
tability over the full dataset is less then 2% (see Fig. 2).Looking at the in a time window averaged lo
al un
er-tainty (Fig. 4) one �nds 
ertain periods of higher averagedpredi
tabilities. In the last few de
ades the averaged pre-di
tability is relatively small { this 
ould be 
onne
tedto the beginning of 
omputerised trading. However, a fu-ture in
rease of the averaged predi
tability seems to beexpe
ted during some 
risis.The signi�
an
e's predi
tion is treated by 
al
ulatinga distribution of lo
al un
ertainty hSn(A1: : : An) by helpof surrogates [14{17℄. Our surrogate sequen
es have thesame two point probabilities p(2)(A2jA1) as the originalsequen
e [15℄. The level of signi�
an
e K is 
al
ulated asKn(A1: : : An) = ����hn(A1: : : An)� hhSn(A1: : : An)i� ���� ; (9)where hhSn(A1: : : An)i is the mean and � is the standarddeviation of the lo
al un
ertainty distribution for the wordA1: : : An [16,17℄.Assuming Gaussian statisti
s K � 2 represents 
on-�den
e greater then 95%. However the lo
al un
ertaintydistribution (Fig. 3) is more exponential. Therefor largerK{values are required to guarantee signi�
an
e. For theanalysed data set a word length up to 5 seems to givereliable results.
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al un
ertainty distribution of the surrogate se-quen
e for the word 11110.
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al un
ertaintyh5 with an hal
ife period of 5 years for the full dataset.Fortunately higher lo
al predi
tabilities 
oin
ides withlarger levels of signi�
an
e as seen in Fig. 1 and Table 1(left).For the predi
tion itself one 
an use the lookup Table 1(right) obtained from the histori
al data. Most of the pre-di
tability is 
overed by the persisten
e of the volatility(
u
tuations), i.e. following a period of large pri
e move-ments (best seen for the words 20000, 00000 and 02000)a further strong movement is likely - but the dire
tion ofthe movement (up or down) is un
lear.The interpretation is similar to that of weather fore-
asts: "tomorrows weather is likely to be the same as to-days weather" [12℄ reads in the �nan
ial 
ontext "tomor-rows volatility is likely to be the same as todays volatil-ity". Improvements of this poor man's predi
tability needto 
onsider longer histories.A

ording to the overall statisti
s assuming a Marko-vian pro
ess with a short memory one would expe
t nearlya symmetry between the probability of a strong in
rease(symbol 2) and the probability of a strong de
rease (sym-

bol 0) of the sto
k index following a 
ertain pattern. Theseexpe
tations are also 
overed by the models in the �nan-
ial 
ommunity - ARCH and GARCH [18℄. Notably thissymmetry is broken for most of the signi�
ant words. De-viations from the Markovian expe
tations improves thelo
al predi
tability as well as the signi�
an
e.3 Con
lusionsOur results show that lo
al analysis is an appropriate toolfor studying the predi
tability of �nan
ial time series. Ofparti
ular interest are lo
al studies of the 
ontinuationsand predi
tabilities of 
ertain lo
al histories. Lo
al 
orre-lations are of spe
i�
 interest sin
e they improve the lo
alpredi
tability. Hen
e one 
an in prin
iple improve the pre-di
tions at 
ertain time instants by basing the predi
tionson observations of lo
al histories.Further we 
an 
on
lude that there are spe
i�
 sub-strings, whi
h are relatively seldom, where the un
ertaintyis noti
eably less than 1 - the predi
tability is better than5%. In other words, there are spe
i�
 situations wherethe predi
tability is better than the average predi
tabil-ity. However the e�e
t is quite small and shows that thedis
ussed �nan
ial time series is nearly random, but notfully random and shows some order at spe
i�
 subtraje
-tories.The authors thank Rosario Mantegna, Frank Moss,Alexander Neiman and Dietri
h Stau�er for many fruitfuldis
ussions.Referen
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al Order, Entropy and Predi
tability of Finan
ial Time Series 5word h3 K word h4 K word h5 K020 0.971 27.9 1112 0.954 14.3 11110 0.919 9.5112 0.971 30.5 0000 0.957 12.0 11120 0.926 9.1110 0.977 23.4 1110 0.958 15.0 20000 0.926 6.9120 0.981 29.4 0110 0.960 14.9 11112 0.931 8.7000 0.982 18.5 0020 0.961 12.5 10120 0.933 5.2212 0.983 19.5 1102 0.962 12.4 22202 0.933 9.4202 0.984 22.9 2020 0.966 10.6 00000 0.934 6.4111 0.985 20.1 0200 0.968 10.6 11011 0.937 9.7121 0.985 12.4 0202 0.969 14.6 02000 0.939 5.7012 0.987 14.2 0120 0.971 12.3 02020 0.941 5.1102 0.988 10.5 2112 0.971 9.0 00020 0.943 6.4
word a. freq. r. freq. 0 r. freq. 1 r. freq.211110 164 0.37 0.48 0.1511120 71 0.41 0.44 0.1520000 157 0.41 0.16 0.4311112 153 0.16 0.42 0.4210120 84 0.48 0.36 0.1722202 144 0.29 0.21 0.5000000 186 0.42 0.16 0.4111011 144 0.22 0.51 0.2702000 155 0.41 0.17 0.4202020 87 0.51 0.21 0.2900020 182 0.46 0.18 0.36Table 1. Left: Words with the smallest un
ertainty hn (highest predi
tability rn = 1 � hn) have a good signi�
an
e K. Thesigni�
an
e K is de
reasing with the word length n due to �nite size e�e
ts.Right: We list the empiri
ally observed relative frequen
ies of a larger downturn (0), a roughly 
onstant market (1) or a largerupswing (3) from one trading day to the next, for a variety of histories (summarised by our words (absolute frequen
y)) of thepre
eding �ve trading days. These are the most predi
table events from the left side.15. A. O. S
hmitt, W. Ebeling, H. Herzel Biosystems 37, 199(1996).16. X. Pei, F. Moss, Nature 379, 618 (1996).17. K. Dolan, A. Witt, M. L. Spano, A. Neiman, F. Moss,Phys. Rev. E 59, 5235 (1999).18. T. Bollerslev, R. Y. Chou, K. F. Kroner, J. E
onometri
s52, 5 (1992).


