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Abstract

The structure of high frequency time series of financial daténg the DAX future as
an example is investigated with respect to the existenceaafl lorder on a time horizon
of a few minutes. We will show that there might be special limations where there
exist local order, and where the predictability is consatbyr higher than in average. We
discretize the time series and investigate the continmdtiequency of definite words of
lengthn first. Besides higher order Shannon entropies and condltiEmtropies (dynamic
entropies) which yield mean values of the uncertaintyfistatility we study the local
values of the uncertainty/predictability and the disttibn of these quantities. The local
order significance is treated by means of surrogate segsievitteidentical short memory
as the original data.
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1 |Introduction

The prediction of future financial events is an importank @sd some individuals
are more successful in predicting than others. Evidengyelexist good and bad
methods to make a prediction. The analysis of this problesndti@acted a lot of
interest [1-8].

Usually one is interested in the prediction of frequent éyen a short time horizon
[4] or of the rare events (crashes, bubbles, anti-bubbles) longer time horizon
[5—7]. Since predictability is far from being perfect onestia address the signifi-
cance of the analysis. For rare events there is no methogtdadeal with mispre-

dictions [8].

I lutz@molgedey.de
2 ebeling@physik.hu-berlin.de

Preprint submitted to Physica A 7 September 2000



Here we concentrate on predictability and significance omtaday time horizon
using methods based on Shannon’s concept of informatioomnfo].

2 Conditional Entropy of Financial Time Series

As the basic quantity for estimating predictability we stutle local probability
distribution and the Shannon entropidsfor certain subtrajectories, in particular
conditional (dynamical) entropies [10,11]. Assuming thatobservation has pro-
vided us a certain trajectory of lengti{ann—word), we may ask for the uncertainty
of predicting the next state (letter). This is nothing bug thfference between the
Shannon entropies for trajectories (words) of lengthl and trajectories of length
n:

hn — n+l — Hn . (1)

This conditional entropy (mutual information) measuresuhcertainty of predict-
ing a state one step into the future, given a history comgjsii » states; i.e. the
present state and the previous- 1 states are known [12]. Thus, the estimation of
Shannon’s:-gram entropies (block entropies) for a series of word lemgts our
basic problem. Predictability in this work is measured bijedénces of Shannon
entropies, in other words by conditional entropies. Thestexice of long corre-
lations is expressed by long decreasing tails of the canditi entropiesh,,. In
general our expectation is that any long-range memory deerethe conditional
entropies and improves the chances for predictions.

Let A,... A, be the letters of a given subtrajectory of length< L. The length
of the alphabet is\. Let furtherp(A;... A,) be the probability to find a block
(subtrajectory) with the letterd;... A,, in the total trajectory. The entropy per
block of lengthn (then-gram entropy) is defined as

H,=—- Y p(A.. . A)logyp(Ar... 4,) | (2)
where the sum is over al” possible realization§A;. . . A, }.

From the block entropie#,, we derive conditional entropids, (n-gram dynamic
entropies) as the differencés = H,, ., — H,.

The maximum of the uncertainty (in units afg()\)) is h, = 1. Hence one can
define the averaged predictability as the difference betviee maximal and the
actual uncertainty

Fo=1—h, . (3)



In other words, predictability is related to the certairftgttwe have about the next
state in the future in comparison to the available knowledge

The limit of the dynamia:-gram entropies for large is the entropy of the source
(Kolmogorov—Sinai entropy). The predictability of proses is closely connected
to these dynamic entropies. Let us consider a certain seofitengthn of the
trajectory, a time series, or another sequence of symbpls. A,,, which is often
denoted as a subcylinder. We are interested in the uncgrtEithe predictions of
the state trailing this particular subtrajectory of lengttiextending the concepts of
Shannon, the expression

hn(Al .. An) = — Z p(An+1|A1. .. An) lOg/\ p(An—i—l‘Al- .. An) (4)
{Ant1}

defines the next state’s conditional uncertainty (1 step thé future) following
the measured trajectory, . .. A, (A; € alphabet). We note that in these units the
inequality holds

0<h,(A...A,) <1 . (5)
The average of the local uncertainty

by = (hn(Ay... A,)) = Z p(Ar. . Ap)ha (A . Ay)
(A A

leads us back to Shannon’s uncertaintygfam dynamic entropy). Further we de-
fine

as the next state’s predictability following a measuredtrsygctory, which is a
guantity between zero and one.

3 Entropy analysisof Financial Time Series

Our concept was previously demonstrated on meteorologiciags [13,14], on
nerve signals [15,16] and daily stock index data [17]. Taaladte higher order
entropies one needs a long sequence where one has to asatioreasty. In the
case of daily data over several decades the stationariyrgson is problematic.
The situation is much more comfortable for high frequenaada



In the following we employ tick by tick data of the german DAMX@ire 1998/06/19
—1998/12/18. The data are resampled first to equidistaceépfi, of 2 minutes.
In the analyzed data, it is guaranteed that at least one lvasleccurred in each 2
minute time window.

As for daily data we use logarithmic price changes

Ty = ln(St) - ln(St_l) (7)

where the time unit is 2 minutes.

A direct application of the entropy concept requires a parting of the real value
dataz, into symbolsA; of an alphabet having the length Finding an optimal
partition and alphabet is a process of maximizing the egtimmverging to the
Kolmogorov—Sinai entropy.

However for strong noisy signals with short memory an eqettét frequency is
nearly optimal.

One would like to choose a small alphabet in order to have dl stasistical error
in the calculation of the entropies. On the other hand a lalgkabet is required
for the backmapping of the predicted symbadls; to the real values; .

To be concretes = 3 andA; = 0;z; < —0.000263 (strong decrease in the stock
value),A; = 2;z; > 0.000271 (strong increase)4; = 1 (intermediate) were cho-
sen. With this partition the one symbol entropyHds = 1 as well as the uncertainty
without prior knowledge i, = 1 by definition and one can discuss words up to 5
letters with statistical significance.

The small asymmetry in the partition is mainly due to a smasin the distribu-
tion of price changes.

The price changes are weakly autocorre-
pA([) | o] 1] 2| lated on a 2 minute time scale. This can
also be seen from the two time conditional
0] 0.451| 0.296| 0.253 probability (frequency) listed in Table 1.

|1 ] 0.291| 0.402| 0.307

The result of the local uncertainty
12| 0.257| 0.302| 0.441 hn(A;. .. A,) for the next 2 minutes fol-
lowing after a pattern of pointsA;... A,
according to equation (4) fon = 5 is
plotted in Fig. 1. The local uncertainty is
close to one, i.e. the local predictability is
mostly very small. The value 1 means that
the conditional probabilities for all three symbols arentieal, whereas values

Table 1. Conditional probability
p@P(As|A;) of the discretized price
changes.



4200 — FDAX 19981002

4150

4100

4050

4000

3950

3900

09 : 00 11 :00 13 : 00 15 : 00 17 : 00

1.00

0.95

MUl

0.85

09 : 00 11 : 00 13 : 00 15 : 00 17 : 00

Fig. 1. DAX Future (upper curve) and local uncertaihtyof the prediction of the 6th sym-
bol based on the 5 preceding symbols (lower curve) for arigaday with large fluctuations
are shown. The greyvalue in the lower curve codes the lev@tofficance calculated from
surrogates with memory of one. Dark represents a large titaviiom the noise level (good
significance). There is no trivial coherence between theepgivolution (upper curve) and
predictability (lower curve).

smaller than 1 mean that the three symbols have differerditonal probabili-
ties — i.e. some prediction is possible. After certain pagef stock movements
Ai... A, the local predictability reaches 17%. This is a notable &&tw the stock
market, which is usually purely random. The mean predittglmver the full data
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Fig. 2. Conditional entropy (uncertainty), = H,,.; — H, as a function of word length.
The uncertainties for the original data (solid curve) avesgls smaller than those calculated
from the surrogate sequences (dashed curve) of the samb.|dig surrogates have a
memory of one, i.e. for infinite surrogate sequences thertaindes would be constant
for n > 1 (dotted curve). Beyona = 5 (grey region) the calculation of the conditional
entropy is not reliable due to large statistical errors tditength effects) [10,11].

set is approximately 3—4% (see Fig. 2).

The prediction significance is treated by calculating arhistion of local uncer-
tainty b7 (A;... A,) by means of surrogates [16,18-20]. Our surrogate sequences
have the same two point probabilitigd) (A4, A,) as the original sequence (Table 1)
[19].

This short time Markovian memory explains at least half of Hveraged pre-
dictability (Fig. 2) and accounts for effects such as p&sise of the volatility
(large fluctuations are likely followed bye large one) [2Hpwever there is no
special reason to choose a memory of one for the surrogatesees besides the
large decrease in the conditional entrdpyfor n = 1. Furthermore the surrogate
memory has to be shorter than the considered local histories

The level of significancey is calculated as the difference of the measured local
uncertaintyh,, (A;. .. 4,) and the mean local uncertainty>(A;... A,)) of the
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Fig. 3. Local uncertainty distribution of the surrogatessage for the word 11111.

surrogate sequences in standard deviation units [16,20]:

) — hn(Al...An)—<hﬁ(A1---An)>‘ (8)
T T S (A A2 — (B8 (Ar - A))

where(- - -) denotes the surrogate ensemble average.

Assuming Gaussian statistis > 2 represents confidence greater than 95%. How-
ever the local uncertainty distribution (Fig. 3) has an exgrtial behavior on the
wings. Therefor largerk—values are required to guarantee significance. For the
analyzed data set a word length up to 5 seems to give reliabidts.

Fortunately higher local predictabilities coincide witlrder levels of significance
as seenin Fig. 1 and Table 2.

For the prediction itself one can use the lookup Table 3 abthfrom the historical
data.

For daily data a probability symmetry for up and down movets@as observed.
This was connected to the persistence of the volatilitydtioly clustering), i.e.
large fluctuations were followed by large fluctuations.

Here, on a short time scale of 2 minutes most of the predidiais covered by the



word | hs K word | Ay K word | hg K

102 | 0.925| 7.8 || 1111 | 0.892| 21.3| 20120| 0.829| 5.1
111 | 0.928| 21.1|| 0202 | 0.898| 5.1 | 02020| 0.830| 4.1
120 | 0.935| 5.3 || 0102| 0.899| 5.9 | 11102| 0.834| 8.4
110 | 0.937| 6.0 || 1110| 0.903| 7.8 | 00102| 0.839| 7.0
020 | 0.938| 4.4 || 2220| 0.912| 6.7 || 11111| 0.854| 19.1
112 | 0.940| 7.1 || 2120 | 0.914| 4.2 | 21102| 0.862| 5.8
220 | 0.943| 49 | 1112 | 0.916| 7.3 || 10212| 0.871| 4.4
002 | 0.947|5.4 | 2020| 0.918| 3.4 || 02120| 0.876| 3.3
210 | 0.954| 2.5 | 0120| 0.920| 3.8 || 00202| 0.876| 4.1
202 | 0.955| 2.7 | 1102 | 0.921| 5.2 || 02022| 0.879| 4.1

012 | 0.961| 2.5 | 0112| 0.929| 4.9 || 11110| 0.881| 6.3
Table 2

Words with the smallest uncertainty, (highest predictability, = 1 — h,) have a good
significanceK . The significanceX is on average decreasing with the word lengttue to
finite length effects.

continuation of the last letter (trend following). A smaikference for the continu-
ation is already included in the two point conditional priotity p'? (A4,|A,) from
Table 1, but for the most significant word this preferencemgpliied.

4 Out of Sample Performance Analysis

Surrogate based prediction significance analysis is alaays sample method
assuming stationarity of the time series. In order to testalprediction which was
found to be significant in the sample is still significant otth@ sample, we divide
our data into a training set (first two thirds) and a test st {hird).

On the training set a prediction table including signifiGasanilar to Table 2 and
3 was built up. Then on the test set the following performaarcadysis was carried
out. At each time step a prediction of the next symbol basetherocal history
was performed. If the in sample prediction significance hezkeded a threshold
K, the prediction was compared with the realization. If thedpction was correct,
a value of 2 was added to the performance. If the predictichwrang, a value of
1 was subtracted from the performance. Since the frequefitbg gymbols id /3,
the mean performance without benefits from the predictibiosilsl be zero. If all
predictions were correct the performance value per detisauld be 2.

Trusting only the predictions found to be significant in tlengle is evidently



word | a.freq.| r.freq. O| r.freq. 1| r.freq.2

20120 68 0.64 0.18 0.18
02020 46 0.66 0.17 0.17
11102 84 0.07 0.49 0.44
00102 146 0.19 0.18 0.63
11111 810 0.18 0.61 0.21
21102 70 0.20 0.19 0.61
10212 71 0.10 0.41 0.49
02120 70 0.60 0.20 0.20
00202 128 0.19 0.22 0.59
02022 126 0.26 0.16 0.58

11110 297 0.38 0.50 0.12
Table 3

We list the empirically observed relative frequencies oa@ér downturn (0), a roughly
constant market (1) and a larger upswing (2) for the next d&raminutes, for a variety
of histories (summarized by our words (absolute frequénmiythe preceding five symbols
(10 minutes). These are the most predictable events frone T2b

improving the performance per decision as shown in Fig. 4vél@r the number of
decisions, i.e. trading possibilities, decreases expaainwith larger significance
level.

5 Conclusions

Our results show that local analysis is an appropriate tooktudying the pre-
dictability of financial time series. Of particular inteteme local studies of the
continuations and predictabilities of certain local higs. Local correlations are
of specific interest since they improve the local predidiigbiHence, one can in
principle improve the predictions at certain time insténtdasing the predictions
on local history observations.

Further we can conclude that there are specific substringshwarely occur and

for which the uncertainty is noticeably less than 1: the lgcadictability is better

than 10%. In other words, there are specific situations wtiergredictability is

better than the average predictability. However the effequite small and shows
that the discussed financial time series is nearly randotmdiufully random and

shows some order at specific subtrajectories.

The authors thank Rosario Mantegna, Frank Moss, Alexandenah and Dietrich
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Fig. 4. Out of sample performance analysis (solid line) asation of the minimal desired
in sample prediction significandg is shown. The total number of out of sample predictions
(dashed line) having an in sample significance value lalgeTk is a nearly exponentially
decreasing function oK.

Stauffer for many fruitful discussions and the EUREX—exa®for providing high
frequency time series.
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