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t. We present a framework that allows for a systemati
 assessment of risk given a spe
i�
 modeland belief on the market. Within this framework the time evolution of risk is modeled in a twofold way.On the one hand, risk is modeled by the time dis
rete and nonlinear gar
h(1,1) pro
ess, whi
h allowsfor a (time{)lo
al understandig of its level, together with a short term fore
ast. On the other hand, viaa di�usion approximation, the time evolution of the probability density of risk is modeled by a Fokker-Plan
k equation. Then, as a �nal step, using Bayes Theorem, beliefs are 
onditioned on the stationarypdf as obtained from the Fokker-Plan
k equation. We believe this to be a highly rigorous framework tointegrate subje
tive judgements of future market behavior and underlying models. In order to demonstratethe approa
h, we apply it to risk assesment of empiri
al interest rate s
enario methodologies, i.e. theappli
ation of Prin
ipal Component Analysis to the the dynami
s of bonds.PACS. PACS-key dis
ribing text of that key { PACS-key dis
ribing text of that key1 Introdu
tionRisk or volatility behaviour of �nan
ial instruments maybe des
ribed by nonlinear dynami
s and the presen
e ofnoise, as it has been suggested in the �nan
e [1℄ ande
onphysi
s [2℄ literature. The most important observa-tion here is, that periods of high and low volatility tendto be seperated. This usually is refered to as volatility
lustering and might be observed in a number of di�erent�nan
ial time series.Distributions of solutions of su
h systems, whi
h ini-tially are Gaussian, will not remain so when the systemsevolve. However, �nan
e professionals like risk managers,heavily depend on modelling this behavior in order toquantify risk within their usually highly 
omplex port-folios. In addition to that, portfolio managers have to ex-press opinions on the market in order to gain from thefuture pri
e behaviour of �nan
ial instruments in theirportfolios. The key question then is to bridge the gap be-tween a �ne grained model of volatility, whi
h allows fora lo
al des
ription of its 
urrent level together with shortterm fore
asting and an understanding of the time evo-lution of its probability density fun
tion (pdf). The laterto be an essential ingredien
e in order to understand theevolution of risk on longer time horizons and as a basis foran in
ooperation of beliefs.In the present paper, we therefore address the problemof integrating beliefs into systems modeled by nonlineara Email: elvis.gali
�allfonds-bkg.deb Email: lutz�molgedey.de

sto
hasti
 di�erential equations. We present a frameworkwhere beliefs are 
onsidered to be drawn from Gaussianpdfs. Cal
ulating a prior pdf from a Fokker-Plan
k equa-tion (FPE), des
ribing the time evolution of the volatil-ity's pdf, we apply Bayes' Theorem in order to 
onditionthe beliefs on the prior knowledge. The resulting posteriordistribution then generates s
enarios where prior knowl-edge and beliefs are rigorously integrated.Allthough the presented approa
h is general and mightbe applied to a wide range of asset 
lasses, we demonstratethe approa
h on empiri
al s
enario generation methodolo-gies, namely the Prin
ipal Component Analysis (PCA) [3℄of the yield 
urve dynami
s [4℄ [5℄ .2 Bond Pri
e Dynami
sConsider daily pri
e 
hanges of Euro Government bondsfrom 7/1996 - 7/2000, as approximated by daily 
hanges�pm;n = pm;n� pm;n�1 of REX pri
e indi
es pm;n, wherem = 1; :::; 10 is the maturity and n is the dis
rete timein days. In order 
onstru
t an empiri
al model of the un-derlying dynami
s we apply PCA to 
onstru
t a linearorthogonal superposition of N independent fa
tors si;n byan eigenvalue de
omposition of the 
orrelation matrix ofthe 10 time series �pm;n. The resulting model 
an be ex-pressed by�pm;n = h�pmin + NXi=1 wm;i�si;n ; (1)
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Fig. 1. The PCA generated fa
tor �s1;n (-), the shift, togetherwith the Gra
h(1,1) estimated 
onditional varian
e �n (- -) isshown. Volatility 
lustering is observable in both time series.For 
onvenien
e has �n been multiplied by the fa
tor 100where wm;k are the fa
tor loadings and h:::in expresses anaverage over n. In this model the total varian
e of �pm;nis given by the sum of the varian
es of the single fa
torssi;n. Furthermore does the average h�pmin be
ome 
loseto zero and might thus be negle
ted in the following.The resulting �rst two fa
tors �s1;n and �s2;n areshown in �g. 1 and �g. 2. Immediately one observes volatil-ity 
lustering to be present in both time series, allthoughregimes of high volatility tend to be more seperated fromregimes of low volatility in the series �s2;n. Sin
e the �rsttwo fa
tors show to explain more then 95 per
ent of thevarian
e of the data, with the �rst and se
ond 
ompo-nent explaining about 80 and 15 per
ent respe
tively, amodel 
ontaining only these fa
tors might be 
onsideredas a good approximation to the dynami
s. A 
loser exam-ination of the fa
tor loadings wm;i in �g. 3 allows us tointerpret the dynami
s in terms of a parallel shift over ma-turities, superimposed by a twist aroundm = 5. This typeof behavior, of 
ourse, is known among �nan
e profession-als and exploited for dimension redu
tion in Monte-Carlotype interest rate s
enario simulation and for stru
turingtrades within bond portfolios.3 Risk Dynami
s3.1 Dis
rete-Time Gar
h ModellingVolatility 
lustering in the time series �s1;n and �s2;nand rather slow de
aying auto
orrelation fun
tions of itssquares �s21;n and �s22;n, indi
ate that the time evolutionof risk 
an be modeled by a dis
rete time Gar
h(1,1) [6℄pro
ess as de�ned for ea
h fa
tor seperatly by�sn = �nZn (2)�2n+1 = ! + ��2n + ��2nZ2n ; (3)
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Fig. 2. The PCA generated fa
tor �s2;n (-), the twist, to-gether with the Gra
h(1,1) estimated 
onditional varian
e �n(- -) is shown. Volatility 
lustering is observable in both timeseries. For 
onvenien
e has �n been multiplied by the fa
tor100where fZng / i:i:d: N(0; 1) and �2n is termed 
onditionalvarian
e. Here and in the following we will drop the indi
es1 and 2 whenever the equations are to be applied to bothseries, i.e. �s1;n and �s2;nto be
ome �sn and �1;n and�2;n to be
ome �n. The pro
ess is linear in mean, nonlinearin varian
e and allows for an estimation of volatility interms of 
onditional varian
e.The volatility itself, in prin
iple, is not observable, buthas to be estimated by averaging over a spe
i�
 time win-dow or by derivation from other sour
es, like option im-plied volatilities. These empiri
al methods, however, su�erfrom the major drawba
k, that they either do lag behindthe 
urrent volatility (through time averaging) or rely on�nan
ial instruments whi
h possibly do not have enoughmarket liquidity and therefore might result in a poor es-timator. Eq. 3 instead, allows for a dire
t estimation ofrisk from the underlying series and even enables for shortterm fore
asting.Performing a least squares �t on the data, one arrivesat the following parameters for the pro
esses as de�nedby eq. 2 and eq. 3, for the shift and twist respe
tively:! = 0:0002, � = 0:0523, � = 0:9238 and ! = 0:0006,� = 0:1228, � = 0:7613. The estimation of the 
onditionalvarian
e �2n is shown in �g. 1 and �g. 2 together with thetime series of �s1;n and �s2;n. It 
an be observed thatthe 
onditional varian
es as estimated by the gar
h(1,1)pro
ess estimate the volatility of the fa
tors on time andwith good quality.Unfortunatly one is not able to derive a 
losed formexpression for the stationary distribution of the gar
h pro-
ess. However, su
h a distribution fun
tion together withan understanding of its time evolution is a 
ru
ial buildingblo
k for risk management purposes.
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Fig. 3. The PCA generated fa
tor loadings wm;i indi
ate thatthe pri
e behavior of Euro Governement bonds is dominatedby a shift (-) along maturities, superimposed by a twist (- -)at 5 year maturity3.2 Gar
h Di�usion ApproximationIn order to obtain an expression for the stationary distri-bution of the gar
h(1,1) pro
ess we seek a di�usion ap-proximation of the Markovian gar
h pro
ess by allowingthe time intervals between su

essive time steps n to ap-proa
h zero. Applying an approximation s
heme of theform �snh = �nhZnh (4)�2(n+1)h = !h + �h�2nh + �h�2nhZ2nh ; (5)with h being a dis
rete time interval, [7℄ obtains the fol-lowing di�usion approximation in the limit h! 0dst = �tdw1;t (6)d�2t = (! +��2t )dt+ ��2t dw2;t ; (7)together with a proof of existen
e of the stationary dis-tribution. We �nd � < 0, t to be the 
ontinous time anddw1;t and dw2;t to be two independent standard Brown-ian motions, independent of initial values s0 and �20 . Theterms D1(�2) = ! + ��2t and D2(�2) = ��2t are deter-mining the drift and di�usion of the pro
ess.4 S
enario Generation4.1 Fokker-Plan
k EquationThe time evolution of the probability density W (v; t) of�nding the system, as des
ribed by the Ito sto
hasti
 dif-ferential equation (eq. 7, in a state v = �2 after timet 
an be approximated be a Fokker-Plan
k or Forward-Kolmogorov equation [8℄�W�t = � ��vD1(v)W + �2�v2 D2(v)22 W : (8)
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Fig. 4. The inverse gamma pdf for the shift is shown, togetherwith the empiri
al distribution of the empiri
al varian
e.
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Fig. 5. The inverse gamma pdf for the twist is shown, togetherwith the empiri
al distribution of the empiri
al varian
e.We like the reader to note that sin
e the FPE is obtainedfrom a higher order Kramers-Moyal expansion after trun-
ation of terms higher then se
ond order and sin
e thesample paths of eq. 7 are not 
ontinous fun
tions in time,the FPE yields only an approximate des
ription of thetime evolution. Furthermore it is silent about the timeevolution of the higher moments.Observing that in the stationary state the probability
urrent as de�ned by eq. 8 must vanish, one obtains thestationary distribution W ?(v) after integration of eq. 8.Obtaining the stationary distribution of the FPE is notan easy task for general drift and di�usion terms and forhigher dimensional pro
esses it might only be obtained bynumeri
al pro
edures. The present situation, however, isanalyti
ally tra
table.Inserting the drift and di�usion terms from eq. 7 intoeq. 8 yields the Fokker-Plan
k equation�W�t = � ��v (! +�v)W + �2�v2 (v2�22 )W : (9)



4 Elvis Gali
, Lutz Molgedey: Beliefs and Sto
hasti
 Modelling of Interest Rate S
enario Riskand one �nds the 
onditional varian
e to be distributedas an inverse gamma distribution in the stationary stateW ?(v) W ?(v) = 1ba� (a)v�(a+1) exp(� 1bv ); (10)with parameters a = 1+2�=�2 and b = 2!=�2. For illus-tration we show in �g. 4 and �g. 5 the empiri
al ditribu-tion fun
tion of the empiri
al varian
e of �s1;n and �s2;naveraged over a time window of 5 days, together with anestimation of the stationary pdfs as given by eq. 10. Theresults show to be in good agreement.4.2 Bayes TheoremUp to now we have obtained a detailed model for the timeevolution of risk. The time dis
rete formulation, on the onehand, allows for a �ne grained model and short term for-
asting. The di�usion approximation, on the other hand,together with the FPE, for an understanding of the timeevolution of the distribution fun
tion towards its station-ary state.In order to integrate beliefs x into the modelling pro-
edure we apply the Bayes Theorem [9℄W (vjx) = W (xjv)W ?(v)R W (xjv)W ?(v)dv : (11)Here W ?(v) is the pdf as obtained form the FPE and
ontains all available information on risk regarding themodeling pro
edure. The pdf W (xjv) des
ribes the beliefon the future risk behavior, given the 
urrent level of risk.The resulting pdf W (vjx), �nally, allows for a systemati
estimation of expe
ted risk 
onditioned on the modellingpro
edure.For the purpose of s
enario generation we assume Mbeliefs xj to be drawn from normal densities N(o; v), re-sulting in the belief densityW (xjv) = MYj=1 1(2�v)2 exp(� 12v (xj � o)2) : (12)In order to satisfy the 
entral limit theorem for the beliefsas implied in eq. 12, it has to be ensured that a suÆ
ientnumber of beliefs xj are independently estimated and thatno single belief dominates the 
u
tuations of the entirepopulation of beliefs.The posterior density, as obtained by 
ombining eq. 10and eq. 12, again yields an inverse gamma density, withnew parameters anew = a+n=2 and bnew = b1+ b2PMj=1(xj�o)2 .4.3 S
enariosConsider the prior pdfs W ?(v1) and W ?(v2) as shown in�g. 4 and �g. 5. Sin
e the �s1;n and �s2;n are orthogo-nal and de
orrelated for ea
h n (as a result of PCA), the
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Fig. 6. The prior pdf for the shift (-) is shown, together withthe posterior (- -) as obtained after integration of beliefs
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Fig. 7. The prior pdf for the twist (-) is shown, together withthe posterior (- -) as obtained after integration of beliefsprodu
t W ?(v1;2) = W ?(v1)W ?(v2) represents the priorinformation on total s
enario risk.Assume to have obtained beliefs for the future behaviorof the risk of the shift v1 and the risk of the twist v2, i.e.x1 = [0:01 0:20 0:50 0:20 0:12 0:10 0:20 0:07 0:02 0:01℄andx2 = [0:10 0:20 0:05 0:20 0:12 0:10 0:20 0:10 0:20 0:12℄ ;resulting from a variaty of di�erent sour
es like regres-sion models, ma
roe
onmi
 valuations or even opinionsof experien
ed traders. The update of the prior, eq. 10,with the beliefs, results in the inverse gamma posterioras shown in �g. 6 and �g. 7. The posterior W (v1;2jx) =W (v1jx)W (v2jx) now 
ontains all available informationon risk for both, the shift and the twist. As it 
an be seenfrom the �gures, the expe
tation regarding the risk of theshift is more pessimisti
 (resulting in a shift of the poste-rior along the x-axis as 
ompared to the prior) and more
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Fig. 8. Worst 
ase s
enarios in the shift-twist plane are shown.It is assumed that returns are normaly ditributed for time hori-zons mu
h larger then 1 day. The prior worst 
ase s
enario islo
ated at the origin, the 
urrent market state, whereas theposterior worst 
ase s
enario 
an be found at a lo
ation of theplane where the market is expe
ted to be found after the timehorizon under 
onsiderationheterogenous (resulting in wider posterior as 
ompared tothe prior) then the expe
tation regarding the risk of thetwist.In a s
enario generation 
ontext, this result would in-di
ate that the portion of a trade regarding the twist willgenerate the desired pro�t more likely then the portion re-garding the shift. A portfolio manager will therefore seekto hedge the portfolio exposure regarding the shift as goodas possibble in order exploit the expe
ted dynami
s of thetwist.An elegant visualization of this situation 
an be ob-tained by a plot in a shift-twist plane (�g. 8). Re
ogniz-ing that the returns of bonds (and most other �nan
ialinstruments) are normally distributed on time horizonsmu
h larger then 1 day [2℄ one 
an estimate a s
enariovarian
e by spe
ifying a given level of the probability den-sity of volatility W (v1;2jx) as worst-
ase s
enario, for ex-ample. In the �gure a prior worst 
ase s
enario is shownat the origin of the plane, indi
ating the 
urrent state ofthe bond market, together with a 
orresponding posteriorworst 
ase s
enario at a lo
ation of the plane where theportfolio manager expe
ts the market to be found at thetime horizon under his 
onsideration.5 SummaryWe have presented a framework where beliefs on the mar-ket behaviour are integrated in a quantitative model ofrisk. Besides a (time{)lo
al modelling of risk, via the gar
h

pro
ess, a di�usion approximation is used to obtain aFokker-Plan
k equation whi
h des
ribes the time evolu-tion of the probability density fun
tion of risk towards itsstationary state. Using Bayes theorem, subje
tive opinionson market behaviour are then integrated into the model.While the framework does not allow for a faultless in-vestement de
ision, it does help to 
ondition (and visual-ize) fore
asts on past experien
e and detailed models ofthe market. Doing so it allows for integrated risk manage-ment, whenever bets on the market are a
tively taken.Referen
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