
Sto
hasti
 Urn Models of Innovation andSear
h Dynami
sWerner Ebeling a Lutz Molgedey a Axel Reimann aaHumboldt-University Berlin, Institute of Physi
s, D-10115 Berlin, GermanyAbstra
tThis work is devoted to appli
ations of the Ehrenfest urn model to innovation andsear
h pro
esses. In the �rst part we dis
uss systems of two urns serving as models ofinnovation pro
esses. The elementary a
t of innovation is 
onsidered as a transitionfrom old (te
hnologies , way of produ
tion, behavior, de
isions) to new. The survivalprobability of the new under the in
uen
e of sto
hasti
 e�e
ts is dis
ussed. In these
ond part we study systems of s >> 1 urns serving as models for optimal solutionsear
hing in optimization problems. The problem is to �nd the minimum on a largeset of real numbers Ui using a total of N seekers (N ' 2 � 100) simultaneously.The potential Ui is de�ned on the integer set i = 1 : : : s, where s is extremelylarge. In parti
ular we 
onsider frustrated periodi
 strings and the merit problem.The known equations for thermodynami
 sear
h pro
esses and for simple modelsof biologi
al evolution are uni�ed by de�ning a two-parameter family of equationswhi
h embeds both 
ases. The sear
h parameters are 
ontrolled by means of seekerensemble dispersion.Key words: urn model, innovation, sear
h pro
ess, variability, parameter 
ontrolPACS: 02.50.Ey,05.10.-a,05.10.Gg1 Introdu
tionOur world appears to be the result of a spe
ial sear
h pro
ess: natural evolu-tion. There is no external program whi
h 
ontrols this sear
h for well-adaptedsolutions. Evolution is fundamentally based on the self - organization of mat-ter whi
h is a highly 
omplex nonlinear pro
ess [1,2℄ As in earlier works, it isunderstood here as unlimited sequen
es of self-organization steps [2,3℄. One ofevolution's most evident features is the tenden
y to form well-adapted 
omplexstru
tures and behaviors in 
ourse of time. The understanding and explainingof the tenden
y to more 
omplexity and optimization forms the heart of anyresear
h program dealing with problems of evolution. Modern resear
h hasPreprint submitted to Elsevier Preprint 13 June 2000



shown that the strategies developed in evolutionary pro
esses might also be ofinterest for the design and 
onstru
tion of te
hni
al systems. Pioneering workin this dire
tion has been done by Bremermann, Holland, Kirkpatri
k,Re
henberg, S
hwefel and others [4{9℄. The mathemati
al model usedin this work is basi
ally a system of Ehrenfest's urns with sto
hasti
 transi-tions [2,3,10,11℄. This work is mainly methodologi
ally oriented. We will showthat the 
ombination of di�erent strategy types (thermodynami
ally as wellas biologi
ally oriented) may lead to a more e�e
tive sear
h. In order to retainthe possibility of extensive 
omparisons we will only treat relatively simpleoptimization problems with about 230 
on�gurations here.
2 Ehrenfest's Urn model: Dynami
s on the o

upation numberspa
eAt the beginning of the last 
entury the Ehrenfests investigated an urn s
hemawhi
h is ideally suited to model the 
lass of problems we have in mind here.Let us assume we have s urns �lled with N1; N2; : : : ; Ns balls. We now de�nea sto
hasti
 game where at random times balls are taken out of one urn to betransferred to another urn.We restri
t our study to games with binary ex
hange where the transition rateW of one ball from urn j to urn i 
atalyzed by k is given byW (N1 : : : Ni + 1 : : : Nj � 1 : : : NsjN1 : : : Ni : : : Nj : : : Ns) (1)= AijNj +BijNiNj +Xk CijkNiNjNkWe note that our games 
onserve the total parti
le number N = Psi=1Ni. Thegame de�ned by the simple transition rule (1) is indeed surprisingly ri
h andmotivated as follows:� In the deterministi
 limit the transition rule in
ludes many of the knownevolution models as e.g. the Fisher-Eigen-S
huster dynami
s and the Lotka-Volterra dynami
s in a generalized form.� The transition rule (1) 
an be simulated by very simple algorithms { onlyin
luding the elements sele
tion of a member, a pair or a triple, 
omparisonsand transitions to other urns. 2



We 
an show easily that the mean values of the o

upation numbers in thethermodynami
 limit approximately follow the di�erential equation:ddt xi =Xj  Aijxj +Bij N xi xj +Xk CijkN2 xi xj xk! (2)with xi = hNiiN (3)as the mean relative o

upation number. This 
lass of di�erential equationsin
ludes the Lotka-Volterra s
hema, the Eigen-S
huster s
hema and many oth-ers [2,3,12℄. This shows us that the urn s
hema with binary ex
hange may bewell suited to model simple evolutionary pro
esses. The sto
hasti
 dynami
sdes
ribed by these rules does not { in general { admit analyti
al solutions.In the spe
ial 
ase of two parti
ipants s = 2 denoted by m = master andn = new
omer, an analyti
al solution for the survival probability of the inno-vative trait infe
ting the population in initiallyNn exemplars is known [13,14℄.For the transition from Nn to Nn + 1 we assume the ratesAnm = 0; Bnm = EnN ; Cnmk = BnN Ænk; k = fn;mg (4)whi
h leads toW (Nn + 1; Nm � 1jNnNm) = En NnNmN +Bn N2nNmN (5)The probability �Nn;N that a population of Nn new
omers with parametersEn; Bn; N infe
ting a population of Nm = N � Nn masters with parametersEm; Bm survives in the 
ompetition is given by [1℄:�Nn;N = �1 + Nn�1Xj=1 jYi=1 Em +Bm(N � i)En +Bni � � �1 + N�1Xj=1 jYi=1 Em +Bm(N � i)En +Bni ��1(6)Equation (6) was derived in a biologi
al 
ontext in [14℄ at �rst, and was so farapplied to problems of te
hnologi
al innovations [1℄ only. We see that the new-
omers' survival probability is a quite 
ompli
ated fun
tion ofNn; N; En; Em; BnandBm whi
h is smooth however, and in tenden
y in
reasing withNn, (En=Em)and (Bn=Bm). Appli
ations of this expression to problems in e
onomi
al, te
h-nologi
al and s
ienti�
 evolution were given in [1℄. Here, we propose a new ap-pli
ation to group de
ision making, a problem whi
h re
ently attra
ted someinterest [15℄. Let us 
onsider a group (a 
ommittee) of N people sear
hing fora de
ision between "yes" or "no". 3
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Fig. 1. Winning probability for 2 innovatorsin a 
ommittee 
onsisting of N = 5; 10; 15; 20members. Parameters: Em = 1; Bm � Bn = 1

We model the pro
ess of �nd-ing the de
ision by a gamewith the two urns "y" and"n". The N parti
ipants 
on-sist at time t = 0 ofNn(0) voters with the start-ing position "no", their posi-tion is des
ribed by positivereal numbers En des
ribingthe strength of rational argu-ments to say "no" and Bn, de-s
ribing the strength of a ten-den
y for imitation of othergroup members. The 
orre-sponding �gures for "yes"- voters are Ny(0); Ey; By.We start out with a situa-tion where for some reasonNy(0) >> Nn(0) is given. We see that the members voting for "yes" playthe master's role in the game whereas the initially small group voting for"no" represents the innovators. After a long time period, the group as a wholevotes for either "yes" or "no" { i.e. "yes" and "no" are absorbing states. How-ever, the de
ision itself is sto
hasti
 with probability �Nn(0);N for "no" and1 � �Nn(0);N = �Ny(0);N for "yes". As a rule in our game the members votingfor "yes" will most likely win sin
e they start with the larger initial number.However, there is also a small probability that the voters for "no" make thegame due to the fa
t that they have more / better arguments (En > Ey). Thisprobability is given by eq. (6) and represented in Fig. 1.3 Sto
hasti
 modeling of mixed strategiesNow, let us study optimization problems. We assume that a set of real num-bers Ui with i = 1; : : : ; s is given (Ui - potentials). The problem is to �ndthe minimal value Umin. Simulations and realisti
 sear
h problems are mostlybased on a �nite number of seekers. Therefore, we transform the problem ontoan urn model with s >> 1 urns and N << s balls. We introdu
e a set ofinteger numbers Ni(t) forming a latti
e: the o

upation number spa
e. Any
hanges are restri
ted to one-step pro
esses [2,3℄Ni �! Ni � 1 (7)For the general 
ase of mixed strategies we assume that the transition proba-bilities are given by eq. (1) in
luding the following fun
tions:4



Aij = A0ij G(Uj � Ui); Bij = F (Uj � Ui); Cijk � 0 (8)The transition algorithm (1, 8) 
onserves the total number of seekers. Theprobability to �nd N1 seekers using the strategy 1 and Ni seekers using thestrategy i at time t in the game: P(N1 : : : Ni : : : Ns,t) satis�es a master equation[1{3,10,11℄ ��tP (N1 : : : Ni : : : Ns; t) = WP (N1 : : : Ni : : : Ns; t) (9)where W is the matrix operator of the transitions.In the simplest 
ase of a linear 
ompetition fun
tion we assume [2℄:F (�U) = 
�
onst��U� (10)Another 
ase of interest is hard 
ompetition { whi
h is des
ribed by a stepfun
tion like 
ompetition:F (�U) = 
�1� �(�U)� = 
�(��U) (11)In this 
ase any improvement (�U < 0) is a

epted, whereas all deteriorations(�U � 0) are reje
ted. Usually, the mutation is viewed as an undire
ted oper-ation, whereas we bias the mutation operator in gradient dire
tion. Therefore,the mutation operator is a produ
t of a symmetri
 matrix A0ij = A0ji and anon-in
reasing fun
tion of the potential di�eren
e G(Uj�Ui). The spe
ial 
aseG � 1 leads to a so 
alled Darwin strategy. In the general 
ase of mixed sear
hstrategies the mean value dynami
s is given by eq. (2) with Cijk � 0. Here, we
onsider several spe
ial 
ases. In order to model Boltzmann type strategies,we introdu
e Bij � 0 and unsymmetri
 temperature dependent transition ma-tri
es [16,17℄. The simplest model of a Boltzmann pro
ess whi
h tends to �ndminima of Ui { known as the Metropolis algorithm { is des
ribed by 
hoosingG(�U) = 8<:1 if �U < 0exp [���U ℄ if �U � 0 (12)In other words, a downhill transition is always 
arried out whereas an uphilltransition o

urs only with a small probability de
reasing exponentially withthe threshold's height. Now, we 
onsider the dynami
al equations for the meanvalues (2) whi
h might be derived from the master equation (9). For the pureBoltzmann strategy the equations for the means readddtxi(t) = sXj=1�Aij(�) xj(t)� Aji(�) xi(t)� (13)5



In order to model mixed strategies we 
ombine eqs. (10) and (12). Then, ourmodel of a mixed strategy with the property to �nd minima of Ui leads to thefollowing mean value eqs.:ddtxi(t) = 
 (hUi � Ui) xi(t) + sXj=1�Aij(�) xj(t)� Aji(�) xi(t)� (14)The new two-parameter family given by eq. (14) 
ontains the Boltzmann strat-egy for 
 = 0 as a spe
ial 
ase. The 
ase of a pure Darwin strategy is obtainedfor 
 = 1; � ! 0: (15)The properties of eq. (14) in the limit 
 = 0 are well known. The equationhas a Lyapunov fun
tional (the Kullba
k entropy) whi
h disappears for theBoltzmann distribution. In the other limit Aij(�) � 0 the solution observesthe relation ddthUi � 0 (16)while the target is the o

upation of the minimal Ui. In the general 
ase 
 6= 0and unsymmetri
 matri
es Aij(�) 6= Aji(�) no general theorem is known yet,but periodi
 orbits are not likely to exist.Finally, we may 
ombine the step fun
tion eq. (11) with dire
ted transitionswhi
h leads to the so 
alled tournament strategies. Then, the mean valuessatisfy in average the following nonlinear equation:ddtxi(t) = 
 sXj=1��(Uj � Ui)��(Ui � Uj)� xi(t)xj(t)+ sXj=1�Aij(�) xj(t)� Aji(�) xi(t)� (17)
4 Simulations { the dependen
e on sear
h parametersIn this se
tion we will test the e�e
tiveness of the sto
hasti
 strategy versionsintrodu
ed above by applying them to very simple model problems. In parti
-ular we will study the dependen
e of the sear
h on the total number of seekers,temperature and mutation/sele
tion rates.The maximal 
omputation for all simulations was �xed to a 
ertain value tmaxwhile the 
omputation time t itself was simulated a

ording to Gillespie [18,19℄.6



In earlier works we 
onsidered the appli
ation of mixed Boltzmann-Darwin-strategies based on the dis
rete form of mixed strategies given by equations(14 - 17) to the traveling salesman problem (TSP) and to related street networkproblems [17,20℄. It 
ould be shown by simulations that in this respe
t mixedBoltzmann-Darwin-strategies have good sear
h properties.Let us 
onsider the simple frustrated sequen
e game proposed by Engel: asequen
e is 
onstru
ted using 4 letters, e.g. fA;B;C;Dg. This sequen
e gets
redited a �tness point if any two letters appear in alphabeti
al order. (Wealso 
onsider the wrapped order fD;Ag to be alphabeti
al.) Additionally, there
urren
e of a letter with period 5 is 
redited by one point. We simulatedsequen
es of length 15. The maximum possible �tness in this 
on�gurationis 22 { a
quired by an exhaustive sear
h. The ratio of lo
al to global optimais 24 : 4 or 6 : 1. As a se
ond { more diÆ
ult { problem we investigated so
alled MERIT sequen
es (or Low Auto
orrelation Binary Sequen
es; LABS)[21{23℄. The optimization problem for a given sequen
eS = S1; S2; : : : ; SL; Si = �1 (18)is to �nd the realization with least auto
orrelation or maximal Merit fa
tor.The Merit fa
tor F , introdu
ed by Golay [22,24℄, serves as �tness measure:F = L22E ; with: E = L�1Xk=1R2k and Rk = L�kXi=1 SiSi+k (19)
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Fig. 2. Boltzmann strategy: Fitness of bestseeker; 1000 run average; Engel sequen
elength L = 15; tmax = 1000

In this work, we were using se-quen
es of length L = 29. Thebest sequen
es found throughexhaustive sear
h have a �t-ness (Merit fa
tor) of F =6:78226. For our 
omputer sim-ulations the number of repre-sentatives (seekers) N in theensemble has been varied be-tween 1 and 100. Let us un-derline that N = 1 always 
or-responds to a pure Boltzmannstrategy and N > 1 to a mixedBoltzmann-Darwin strategy. Inthis 
ase we are simulating apopulation of N seekers sear
h-ing simultaneously and being 
oupled by 
ompetition for best results. Wealways 
al
ulated the mean values and the best results obtained for a �xedmaximum number of �tness fun
tion evaluations. The results of the Boltzmannstrategy applied to Engel sequen
es are displayed in Fig. 2.7



The temperature parameter was varied between T = 0:1 and T = 10. The a
-
ording a

eptan
e probabilities of bad mutations vary between exp[�1=0:1℄ �45 � 10�6 and exp[�1=10℄ � 0:9.As expe
ted, the Boltzmann strategy gains no advantages in ensemble basedsear
h due to missing 
oupling between the seekers ex
ept that the best seekerof an ensemble has a smaller probability to sti
k in lo
al optima. The fa
t thatbest results are a
hieved for lower temperatures indi
ates that some 10 seekerssuÆ
e to keep the trapping probability in lo
al optima small.
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Fig. 3. Boltzmann-Darwin strategy: Fitnessof best seeker, 1000 run average; 4 seekerstournament, Engel sequen
e length L = 15,temp. T = 1, time tmax = 1000

After all, the Boltzmann strat-egy su

eeds �nding the globaloptimum of 22 in the giventime limit for the parametersN < 15 and T < 0:4.Figure 3 shows simulation re-sults for a mixed Boltzmann-Darwin strategy using a tour-nament sele
tion involving 4seekers respe
tively. In order to
ontrol the 
oupling (sele
tionstrength) the frequen
y of se-le
tion operations as 
omparedto mutation steps was varied.The 
orresponding probabilityPmut is plotted along the ordi-nate axes. A value of 0% means that mutation steps were never 
arried out.A

ordingly, 50% means that in average every mutation step was followedby a sele
tion step; whereas 100% indi
ates that there were mutation stepsonly. Visibly, the optimal number of seekers depends on the 
hosen muta-tion/sele
tion ratio. The best results, however, are a
hieved with relativelysmall ensembles N � 20.
5 Sear
h parameter adaption by variability 
ontrolThe main result of the simulations represented in the previous se
tion is thatthe e�e
tivity of a strategy 
riti
ally depends on the sear
h parameters. Agood 
hoi
e may easily improve the result by a fa
tor 2. Here, we will de-velop adaptive strategies whi
h bring the system to a favorable parameterregion by a 
ontrol based upon the ensemble's statisti
al parameters (like dis-persion). The idea is to 
hange the sear
h parameters (e.g. temperature ormutation probability) in su
h a way that the seeker ensemble always has agood (not too big, not too small) dispersion on the �tness lands
ape. Simi-8



lar approa
hes have been developed for (�; �) strategies (
f. Re
henberg's'1/5 su

ess rule') [7,9℄. In the 
ase of Boltzmann sear
h temperature adap-tion was studied already by Andresen et. al. [25,26℄. Our method is 
loselyrelated to the 
ited method; however it is mu
h simpler with respe
t to theimplementation. We 
al
ulated the ensemble's �tness dispersion�2(fitness) = hU2i � hUi2 (20)and 
ontrolled the temperature a

ording to_T = � � T 2�(fitness) (21)
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Fig. 4. Boltzmann strategy vs. 
ontrolled an-nealing; Engel sequen
e length L = 15, timetmax = 1000

where � is a small num-ber 
ompared to the in-verse of the smallest potential
hange during a mutation:� < 1=j�Uminj. The resultsobtained this way equal oreven surpass those of a pureBoltzmann strategy. Figure 4shows that for the Engel se-quen
es tested only the bestresults of a Boltzmann sear
hmat
h those of the 
ontrolledannealing runs.While the Boltzmann strat-egy basi
ally depends on tem-perature settings and en-semble size only, the mixedstrategies' e�e
tiveness also
ru
ially depends on the mutation vs. sele
tion ratio as seen in Fig. 3. Verylow mutation rates 
ause the strategy to resemble gradient sear
h methodswith higher likelihood of getting stu
k. Too high mutation rates on the otherhand basi
ally turn the sear
h into a random walk, destroying informationalready gathered while sear
hing. Measuring the seekers' Hamming distan
eto the (nearest degenerated) global optimum and plotting the a

ording his-togram 
learly demonstrates this behavior for very large times. Figure 5 showsa phase transition distin
tly marking the point when the in
reasing muta-tion rate starts destroying information. This fa
t was already pointed out byEigen, S
huster et al. [27,28℄. An optimal mutation rate lies in the prox-imity of the phase transition, being just a little bit smaller { thus granting aqui
k sear
h without information destru
tion. In order to automati
ally 
on-trol the mutation / sele
tion rates one only needs to know where the phasetransition o

urs. Disappointingly, one 
an only observe sharp transitions forvery long simulation times, i.e. when the sear
h approa
hes a stationary state.9



Therefore one needs a di�erent, truly dynami
 indi
ator. An easily obtainablevalue is the seeker ensembles' variability, both in terms of �tness and geno-type: In an ensemble of N seekers one 
an observe any number from 1 to Ndi�erent seekers Ndiff . Normalizing the variability one obtains an indi
ator vvarying from 1=N to 1: v = NdiffN (22)
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Fig. 5. Boltzmann-Darwin strategy: 4 seekerstournament, Engel sequen
e length L = 15,N = 20, temp. T = 1; Hamming distan
e dis-tribution: H(seeker; nearest global optimum);time tmax = 104; right ordinate axis and solidline: ensemble �tness dispersion

In extensive investigations,Eigen, S
huster [27℄ et. alhave shown that for L � 50and in the limit L ! 1 thedynami
s of eq. (14) shows fora similar optimization prob-lem some sort of 'phase tran-sition' at 
ertain mutationrates. Furthermore, these au-thors have shown that oper-ating near this phase transi-tion enhan
es the sear
h ef-fe
tivity. Later it was shownthat in the limit L ! 1the observed transition 
or-responds to a se
ond orderphase transition [28℄. Here,we will use these results inorder to �nd optimal regimesfor our sear
h parameters. Wehave to take into a

ount, however, that in �nite systems (here: N � 100,L � 15 � 30) the expe
ted phase transitions are rather smooth transitions.Nevertheless, we are still able to identify these transitions in our simulations.Figure 5 (solid line) shows that this new indi
ator indeed redraws the 'phasetransition'. Measuring the variability for optimal mutation probabilities withrespe
t to the ensemble size N , one observes a standard deviation like behaviorfor the optimal variability vopt: vopt ' 1pN (23)Thus, for an ensemble 
onsisting of e.g. N = 50 seekers the variability 
ontrolhas to aim for an optimal ensemble variability:vopt ' 1p50 = 0:14 (24)10




orresponding to a mutation probability (reading Fig. 5) of Pmut � 55%. Thisis indeed a good 
hoi
e for the mutation rate as 
an be seen in Fig. 3 forN = 50 and Pmut = 55%. The �tness variability displayed in Fig. 5 showsthat the adapted mutation rate is in fa
t 
lose to the phase transition point,as initially demanded. A major drawba
k is, however, that the variability'svarian
e �2v also s
ales with the ensemble size�2v = O � 1N � ; (25)rendering it useless as 
ontrol parameter for small ensembles N � 10. To 
ir-
umvent this problem we 
an de�ne some '
ontrol free' " ' �2v around theoptimum variability we are aiming for, thus softly blending in 
ontrol with in-
reasing ensemble size. The adaption a
tually implemented works as follows:The " - interval around the optimal variability value was set to " = 1=N . Thevariability's deviation �v = v � vopt (26)from the optimum was measured in terms of " to exponentially adapt themutation probability _Pmut = � Pmut with� = 8<:��v" ; if j�vj > "0; otherwise (27)
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Mutation probabilities outsidethe interval [0; 1℄ are 
lampedto the interval's boundaries. Ittakes this algorithm less than30 time steps to rea
h and holdoptimal parameter values { in
ontrast, up to O(104) simu-lated time steps were ne
es-sary to unveil the phase tran-sition showed in Fig. 5. Simu-lations using this auto-tuningdemonstrate that the mutationrate adaption 
an e�e
tivelyboost sear
h results, as demon-strated in Fig 6. For optimalmutation rates between Pmut =40% : : : 50% (
f. Fig. 3), sear
hresults 
oin
ide with the auto-mati
 rate adaption results inFig. 6 (solid line). Now, let us 11



put our adaptive strategies to the test on a more diÆ
ult task: the Meritproblem. As already mentioned in se
tion 4, we were using sequen
es of lengthL = 29 whi
h have a maximum Merit fa
tor of F = 6:78226. For this parti
-ular length it is advantageous to redu
e the sear
h to the subspa
e of skewsymmetri
 sequen
es. Skew symmetri
 sequen
es are de�ned by the followingequation for 
orresponding bits having equal distan
e i with regard to thestring 
enter labeled n:
Sn+i = (�1)i Sn�i ; n = L+ 12 (28)Figure 7 
learly shows the di�eren
e in the non-
ontrolled sear
h results usingeither normal or skew symmetri
 mutation operators. It also be
omes 
learthat { in 
ontrast to our Engel problem { the optimal temperature is abovezero in the 
ase of skew symmetri
 mutation.
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Fig. 7. Boltzmann strategy: mean ensemble �tness;Used parameters: Merit sequen
e length L = 29, timetmax = 10:000; solid line: normal mutation operator;dashed line: skew symmetri
 mutation operator

For an optimal temper-ature of T � 0:28,the Boltzmann strat-egy yields a mean en-semble �tness of about4. This is the 
or-ner stone to whi
hour adaptive strate-gies have to 
omparein this 
ase. The re-sults of both the 
on-trolled annealing andthe mixed Boltzmann-Darwin strategy withmutation rate adaptionare plotted in Fig. 8. Asensemble based stra-tegies they naturallyshow a distin
t depen-den
e on the ensemblesize N . While the 
ontrolled annealing strategy yields best results for someN � 10 seekers, the adaptive Boltzmann-Darwin strategy ex
els for ensem-bles sized N � 35. Besides that, both strategies do a fairly good job tuningtheir respe
tive parameters (
ontrolled annealing: temperature T , adaptiveBoltzmann - Darwin strategy: mutation rate Pmut).12
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The sear
h results are well
omparable to the best sear
hresults using a pure Boltzmannstrategy. For too small ensem-ble sizes both strategies havea hard time to extra
t de
entstatisti
al measures. A good
hoi
e for the ensemble size isN > 30 for both the 
on-trolled annealing and the adap-tive Boltzmann - Darwin strat-egy. The latter displays a mu
hhigher mean �tness standarddeviation (� � 0:8) than the
ontrolled annealing strategy(� � 0:2) for all given ensem-ble sizes. In general, the adap-tive strategies have proven tobe su

essful even for this par-ti
ular diÆ
ult problem.6 Dis
ussionIn this work, the power of ensemble based optimization strategies was in-vestigated. We have shown that Boltzmann-type sear
h with ensemble basedannealing 
ontrol leads to very good results (
f. Fig 8). On the other hand,mixed strategies with appropriately set parameters do not always give the bestresults with respe
t to �tness mean and best �tness value. A 
ertain amount ofparallelism introdu
ed by a Darwin term (
 > 0) is a useful element in goodsear
h strategies. The 
omputation time whi
h is lost simulating a numberof parallel seekers is gained by 
ertain advantages of parallel sear
h as e.g.the possibility of experien
e ex
hange. In our mixed strategy this is modeledby the Darwin elements: 
ompetition between seekers, survival of the �ttest.However, when the number of seekers working in parallel is too high the paral-lelism 
osts more than one gains from it. Theoreti
al investigations regardingthis subje
t have been 
arried out by Barkema, Goldberg, Nakano et. al.It is easy to see that the 
omputation overhead ne
essary for parallel strategiesalso 
annot pay o� if the �tness lands
ape is rather simple. A

ording to ourexperien
e, a su

essful sear
h (optimization) requires to 
hoose the properstrategy and a �ne balan
e between parallelism and individualism, that isbetween Darwin and Boltzmann elements. Similar results were obtained inanother work analyzing street network problems [20℄. The results summarized13



here show a 
ertain advantage of in
luding Darwin elements into the sear
hstrategy { espe
ially if these elements get tuned appropriately. As far as thetuning parameter is 
on
erned, it is still an open question whether the vari-ability's optimum value of order 1=pN is truly model independent or has tobe adapted to the parti
ular problem.Possibly, the real power of mixed strategies in
luding Darwin elements willshow up on parallel 
omputers with more than some 4 pro
essors. In this work,simultaneous sear
h was always simulated on a single sequential 
omputer Of
ourse, it 
ould in prin
iple also be 
arried out on a net of parallel pro
essors.Sin
e 
oupling (sele
tion pro
ess) between the elements of a Darwin ensembleis a rather seldom event, the speed up by using su
h an N -pro
essor systemis expe
ted to be higher than of order O(logN), thus s
aling better than sim-ulated annealing te
hniques.

14
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