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s, Potsdam University, D-14469 PotsdamDe
ember 23, 1999Abstra
t. The stru
ture of time series and letter sequen
es is investigated usingthe 
on
epts of entropy and 
omplexity. First 
onditional entropy and transinfor-mation are introdu
ed and several generalizations are dis
ussed. Further severalmeasures of 
omplexity are introdu
ed and dis
ussed. The 
apability of these 
on-
epts to des
ribe the stru
ture of time series and letter sequen
es generated bynonlinear maps, data series from meteorology, astrophysi
s, 
ardiology, 
ognitivepsy
hology and �nan
e is investigated. The relation between the 
omplexity andthe predi
tability of informational strings is dis
ussed. The relation between lo
alorder and the predi
tability of time series is investigated.1 Introdu
tionThe 
ategory of entropy was introdu
ed in 1864 by Rudolf Clausius intophysi
s and in a di�erent 
ontext in 1949 by Claude Shannon into informa-tion theory. Appli
ations to the stru
ture of sequen
es were already givenby Shannon [66℄, who published in 1951 the seminal paper on "Predi
tionsand Entropy of Printed English". Later Shannon's approa
h was applied alsoto other languages [81, 18℄, to biosequen
es and to many other information
arriers [25, 28, 11, 12, 82, 15, 16, 37, 30, 31, 48, 32, 18, 3℄. The extensionof Shannon's 
on
ept to the investigation of dynami
 pro
esses is due toKolmogorov and Sinai [41, 69℄.The 
on
ept of the Kolmogorov-Sinai entropy belongs to the key 
on
eptsof the modern theory of dynami
al systems [64℄.A few years later Kolmogorov developed a 
on
ept for the 
hara
terizationof the 
omplexity of sequen
es [42℄. Several related 
on
epts were developedlater [47, 39, 21, 1, 77, 29, 65, 43, 44, 22℄.Entropy and 
omplexity 
on
epts provided new tools for the investigationof irregular time series whi
h play a great role in many bran
hes of s
ien
e[38℄.Our investigation of time series is restri
ted on the 
on
epts of 
onditionalentropies, mutual information and 
omplexity, as well as on 
ertain general-izations.



2 Werner Ebeling, Lutz Molgedey, J�urgen Kurths and Udo S
hwarzOur working hypothesis is that many time series and most information
arriers as texts, pie
es of musi
 and biosequen
es are not �rst order Markovpro
esses both have higher order 
orrelations. Further we expe
t some stru
-tural analogies to strings generated by nonlinear pro
esses.In some 
ases we expe
t the existen
e of long{range 
orrelations. This hy-pothesis was 
he
ked by the analysis of the behavior of the dynami
 entropies,the transinformations and other 
orrelation measures [16, 31, 10, 83℄. Herethis line of investigations will be 
ontinued. In 
omparison to our earlier workspe
ial attention is paid here to2 Conditional entropies and predi
tabilityIn physi
s the entropy 
on
ept is 
onne
ted with the names of Boltzmann,Gibbs, Einstein, Onsager, Prigogine and others. The relation between phys-i
al and information-theoreti
al 
on
epts has been dis
ussed by Maxwell,Szilard, Brillouin and other workers [18, 3℄.Here we are mainly 
on
erned with the appli
ations of the entropy 
on
eptto time series and to information 
arriers. In order to pro
eed let us assumethat the pro
esses or stru
tures to be studied are modeled by traje
tories ondis
rete state spa
es having the total length L. Let � be the length of thealphabet. Further let A1A2 : : : An be the letters of a given subtraje
tory oflength n � L. Let further p(n)(A1 : : : An) be the probability to �nd in thetotal traje
tory a blo
k (subtraje
tory) with the letters A1 : : : An. Then wemay introdu
e the entropy per blo
k of length n:Hn = �X p(n)(A1 : : : An) log p(n)(A1 : : : An) (1)From the blo
k entropies we derive the 
onditional (dynami
) entropies bythe de�nition hn = Hn+1 �Hn (2)Further we de�ne rn = 1� hn as the average predi
tability of the state fol-lowing immediately after a measured n-traje
tory.These quantities are 
alled by Shannon n-gram entropies. The limit of the
onditional entropy for large n is the entropy of the sour
e (Kolmogorov -Sinai entropy). We have seen, that the predi
tability of pro
esses is 
losely
onne
ted with the 
onditional (dynami
) entropies. Let us 
onsider now 
er-tain se
tion of length n of the traje
tory, a time series or another sequen
eof symbols A1 : : : An, whi
h often is denoted as a sub
ylinder. We are inter-ested in the un
ertainty of the predi
tions of the state following after thissubtraje
tory of length n. We de�ne now the expressionh(1)n (A1 : : : An) =X p(An+1jA1 : : : An) log p(An+1jA1 : : : An)�1 (3)



Title Suppressed Due to Ex
essive Length 3as the un
ertainty of the next state (1 step into the future) of the statefollowing behind the measured traje
tory A1 : : : An(Ai 2 alphabet). Hereand in the following all logs are measured in �-units. We note that in theseunits the inequality holds:0 � h(1)n (A1 : : : An) � 1 (4)Further we de�ne r(1)n (A1 : : : An) = 1� h(1)n (A1 : : : An) (5)as the predi
tability of the next state following after a measured subtraje
-tory, whi
h is a quantity between zero and one. [19, 20, 63℄.We note that the average of the lo
al un
ertaintyhn = h(1)n = Dh(1)n (A1 : : : An)E (6)=X p(A1 : : : An)h(1)n (A1 : : : An) (7)leads us ba
k to Shannon's n-gram 
onditional entropy. Let us 
onsider otherpossible generalizations. If we want to predi
t the state whi
h follows notimmediately after the observed n-string, but only after k steps into the futurewe may de�ne the quantityh(k)n (A1 : : : An) =X p(An+kjA1 : : : An) log p(An+kjA1 : : : An)�1 (8)This is the un
ertainty of the state whi
h o

urs k steps into the future afterthe observation of an n-blo
k, or symboli
ally[A1 : : : An℄(k � 1 states)[?℄ (9)Further we may de�ne a

ordingly the lo
al predi
tabilities [19℄r(k)n (A1 : : : An) = 1� h(k)n (A1 : : : An) (10)(11)For n = 1 the average predi
tability is 
losely related to the transinforma-tion (mutual information) [33, 34℄ and the information 
ow [63℄. The mutualinformation 
an be expressed by our predi
tabilities byI(k) = r(k)1 + r0where r0 = 1 � H1 is the predi
tability of a letter, if no preknowledge isavailable. For systems with long memory it makes sense to study the a wholeseries of predi
tabilities with in
reasing n-values (where n is denoted by thelower index)



4 Werner Ebeling, Lutz Molgedey, J�urgen Kurths and Udo S
hwarzr(k)1 ; r(k)2 ; r(k)3 ; : : : ; r(k)mwhere m is an estimate for the length of the memory. Sin
er(k)n+1 � r(k)nthe average predi
tability may be improved by taking into a

ount longerblo
ks. In other words, one 
an gain advantage for predi
tion by basing thepredi
tions not only on a
tual states but on whole traje
tory blo
ks whi
hrepresent the a
tual state and its history. Let us mention that the 
onditionalentropies may be exa
tly 
al
ulated for several model systems [28, 12, 17℄. Inour empiri
al investigations des
ribed below we 
onsidered only the transin-formation, also 
alled mutual information, whi
h is a spe
ial 
ase of our
on
epts. The transinformation is expli
itly de�ned asI(n) = XAiAj p(n)(Ai; Aj) log � p(n)(Ai; Aj)p(1)(Ai) � p(1)(Aj)� (12)For 
ompleteness let us further de�ne I(0) = H1 and I(�n) = I(n). Thetransinformation is a spe
ial measure of 
orrelations [37, 30, 31, 33, 34℄ whi
his 
losely related to the auto
orrelation fun
tion [57, 71℄.For our analysis the following relations between the entropies and pre-di
tabilities de�ned above and the transinformation are of spe
ial impor-tan
e. h1 = H1 � I(1) (13)r(n)1 = I(n) + r0 (14)In other words, the predi
tability of a letter n steps ahead is the sum ofthe mutual information and the overall predi
tability of letters r0 = 1�H1.As shown by several authors [25, 37, 33, 76℄, the transinformation is also areliable measure for the 
orrelations of letters in the distan
e n. Every peakat n 
orresponds to a strong positive 
orrelation. [33, 34℄3 Con
epts of 
omplexityObservational data from astrophysi
al, geophysi
al or physiologi
al experi-ments are typi
ally quite di�erent from those obtained in laboratories. Oftenwe have rather short, noisy, irregularly sampled time series. More important,however, is that non-stationary and very 
ompli
ated behavior in time isusually observed. In su
h 
ases, well-known global 
hara
teristi
s of the un-derlying pro
esses, su
h as periodi
ities or fra
tal dimension, do not providea suÆ
ient des
ription. With respe
t to modeling often the question arises



Title Suppressed Due to Ex
essive Length 5whether the data have any stru
ture at all, for example 
orrelations, andof what kind the stru
ture is. The 
on
ept of 
omplexity is an appropriateapproa
h to analyze su
h data.During the past de
ade numerous de�nitions of 
omplexity have been pro-posed (e.g. [42, 77, 28, 54, 7, 4, 51, 2, 24, 68, 50℄) and su

essfully used invarious �elds, ranging from information pro
essing (e.g. [42, 6℄, and theoryof dynami
al systems (e.g. [77, 28, 80℄) to thermodynami
s (e.g. [7, 8, 68℄),astrophysi
s [29, 65℄, geophysi
s [79℄, evolution theory (e.g. [46, 67℄) andmedi
ine diagnosti
s (e.g. [44, 60℄). Re
ently, some generalizations of this ap-proa
h to analyze two-dimensional obje
ts have been proposed [26, 60, 27℄.Many of these de�nitions rely on the intuitive impression that 
omplexityshould re
e
t some hidden order of a phenomenon, whi
h nevertheless pos-sesses a 
ertain degree of randomness. Neither well-ordered nor 
ompletelydisordered obje
ts are seemingly 
omplex; thus 
omplexity appears some-where at the borderline between disorder and order. Formally, this impliesthat 
omplexity is a 
onvex fun
tion of the disorder, provided the latter isappropriately de�ned (see [68℄ for a dis
ussion).Quite 
ommonly, the de�nition of disorder is based on the 
omparisonof the Boltzmann { Gibbs { Shannon entropy H1 (Eq. 1) with the maximalpossible entropy of the system Hmax1 . The value of the maximal entropyHmax depends on the nature of the system, but for the simplest 
ase whenN states are available, the maximal entropy is a
hieved for the equiprobabledistribution: Hmax = log2N: (15)It is important to note that Shannon entropy is a measure of randomness,i.e. it assigns highest 
omplexity for white noise-like behavior, where past andfuture are un
orrelated. Other popular measures, espe
ially the algorithmi

omplexity [39℄ or the approximative entropy [58℄ have the same property;we 
all this 
lass traditional measures of 
omplexity.Su
h a 
hara
terization is, however, not suÆ
ient for many systems, es-pe
ially in nonlinear dynami
s. We, therefore, present another kind: non-traditional or alternative measures of 
omplexity whi
h relate highest 
om-plexity at phase transitions, e.g. the onset of 
haos.A straightforward notion of su
h an alternative measure has been re-
ently proposed by 
ombining disorder and order. The disorder is de�ned asH=Hmax and 
orrespondingly the disorder-based 
omplexity ��;� [68℄:��;� = (1�H=Hmax)�(H=Hmax)� (16)For � > 0; � > 0, ��;� is a 
onvex fun
tion of the disorder. Other valuesof these parameters may 
orrespond to alternative de�nitions of 
omplexity[68℄.The relevan
e of the 
omplexity measure ��;� as introdu
ed by Eq. (16)has been demonstrated in appli
ation to the logisti
 map and to one-dimensionalspin-systems [68℄. We however wish to stress two features of the de�nition



6 Werner Ebeling, Lutz Molgedey, J�urgen Kurths and Udo S
hwarz(16): (i) it exploits a 
on
ept of \maximal possible entropy", whi
h for somesystems may not be easily 
omputed and even unambiguously de�ned, and(ii) it la
ks in a

ounting for inherent 
orrelations in the system, whi
h are
ertainly an important 
omponent of order, and thus of 
omplexity. By 
on-stru
tion this measure relates zero 
omplexity to most random behavior,e.g. equiprobable distribution as well as to simple ordered states.Grassberger [28℄ introdu
ed another approa
h to 
omplexity whi
h isbased on the di�eren
es of blo
k entropies hn (Eq. 2). This E�e
tive MeasureComplexity (EMC) is de�ned asEMC = 1Xn=1n (hn�1 � hn) (17)EMC des
ribes the behavior of the lo
al di�eren
e hn as it 
onverges towardthe dynami
al entropy of the dynami
al system. It 
an also be written as anaverage Kullba
k information, for instan
e in terms of 
onditional probabili-ties, as demonstrated in [49℄.It is easy to see that EMC vanishes for both, for most random 
ase, su
has white noise, and for 
onstant symboli
 strings. It goes to in�nity in perioddoubling sequen
es, i.e. it goes to in�nity along this typi
al route to 
haos.One of the most interesting 
omplexity measures is the renormalized en-tropy, originally introdu
ed by Klimontovi
h [40℄ in thermodynami
s. It takesinto a

ount that the energy of an open system 
hanges with its 
ontrol pa-rameter, whi
h makes a dire
t 
omparison of Shannon entropies impossible.The main idea is that the Shannon entropy for di�erent system states isnormalized to a �xed value of mean e�e
tive energy. This approa
h, looselyspeaking, renormalizes the entropy obtained from a time series x(t) of a 
er-tain system state in su
h a manner that the mean e�e
tive energy 
oin
ideswith that of a referen
e state xr(t).Starting from these two time series, we 
an easily estimate the 
orrespond-ing probability distributions f(x) and fr(x). By using formal arguments fromthermodynami
s the e�e
tive energy is de�ned as:heff (x) = � log fr(x) (18)The renormalization of fr into ~fr is 
onstru
ted su
h that the mean e�e
tiveenergies hheff i of f and ~fr are equal. To make this idea operational, we �rstrepresent the distribution in terms of the 
anoni
al Gibbs distribution~fr(x) = exp(�(Teff )�heff (x)Teff ) (19)whi
h 
an be rewritten as~fr(x) = C(Teff ) � exp(�heff (x)Teff ); (20)where Teff and �(Teff ) are the e�e
tive temperature resp. the free e�e
tiveenergy. Be
ause heff 
an be 
al
ulated from Eq. (18), there are two unknowns



Title Suppressed Due to Ex
essive Length 7in Eq. (20): C(Teff ) and Teff . They are determined from the following two
onditions.a) Normalization: Z ~fr(x) dx = 1b) Equality of mean e�e
tive energy:Z heff (x) ~fr(x) dx = Z heff (x)f(x) dx:Hen
e, ~fr ful�lls the properties wanted. Consequently, we 
an 
ompare theShannon entropies of f and ~frH = � Z f(x) log f(x) dx and ~Hr = � Z ~fr(x) log ~fr(x) dx (21)For that the renormalized entropy di�eren
e4 ~H = H � ~Hr (22)is introdu
ed. It is important to note that 4 ~H is a relative measure thatdepends on the referen
e state 
hosen.If this referen
e state is 
hosen suitable, then 4 ~H relates smaller valuesto periodi
 and random behavior than to 
haoti
 dynami
s [59℄.There are some other alternative measures of 
omplexity, su
h as theepsilon-
omplexity [7℄ or the 
u
tuation 
omplexity. We 
ompared the prop-erties of these measures in detail for the logisti
 map [77℄ and found that thereis till now no outstanding alternative measure of 
omplexity; ea
h of them issensitive against 
ertain stru
tural 
hanges. The proper 
hoi
e of these mea-sures is 
ontext-dependent. Therefore we re
ommend to 
ompare the proper
hoi
e of these measures in ea
h spe
ial appli
ation. We will demonstrate inChap. 6 how eÆ
ient these measures 
an be used in several appli
ations.4 Appli
ations to biosequen
es and other information
arriersIn geneti
 data banks one 
an �nd nowadays a very large number of DNA-sequen
es and there is an urgent need for the development of tools whi
hformalize their analysis. Formally, DNA-sequen
es are linear string writtenon an alphabet 
onsisting on four lettersX = A;C;G; T (23)A genom 
ontains about 1 - 100 billion nu
leotides and 
orresponds there-fore to a very long string, whi
h however 
onsists in general of several pie
es.
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hwarzThe strings whi
h are available for a statisti
al analysis 
omprise in general104� 106 letters. Sin
e Gatlins pioneering work "Information theory and theliving system" [25℄, the 
al
ulation of entropi
 measures for geneti
 sequen
esas 
onditional entropies and transinformations has found many fruitful appli-
ations [37, 30, 31, 13℄. In parti
ular we mention the development of 
riteriato di�er between 
oding and non
oding regions [33, 34℄ For geneti
 sequen
esseveral authors have pointed out the existen
e of long range 
orrelations[37, 31, 76, 71, 57, 10℄.However an analysis of the average un
ertainties (the dynami
 entropies)yields rather high values. Measured in bits the limit un
ertainty is in most
ases larger than 1.8 bit, i.e. larger than 0.9 in � units [25, 30℄. For this reasonthe average dynami
 entropies do not seem to be the appropriate instrumentto analyze DNA-strings. However as we 
an show, lo
al investigations of theentropy and the transinformation might be very powerful for the analysis oflong 
orrelations. In [14℄ we presented the lowest un
ertainties of predi
tionsfor the interval 9800 - 10300 of the DNA of the virus HIV2BEN. In spite ofthe fa
t that the average un
ertainty is rather high h3 = 0:94, we may �ndspe
ial positions where the un
ertainty is lower than 0.83 [14℄. For example,if we observe the triple gt
, then with large probability an a or a g is expe
tedto follow. If however the triple aa
 is fold then the most probable 
ontinuationis either a or 
. These simple rule in
rease lo
ally the predi
tability.Sin
e for DNA a huge material on the mutual information is available [37, 30℄we will not go here into further detail. Let us only mention that DNA-stringsshow some (formal) analogies to texts.Let us dis
uss now in brief several results whi
h are available for texts.We have studied for example Melville's Moby Di
k (L � 1; 170; 200) andGrimm's Tales (L � 1; 435; 800). Our methods for the analysis of the entropyof sequen
es were in detail explained elsewhere [14℄. We have shown that atleast in a reasonable approximation the s
aling of the entropy against theword length is at large n given by a root law.For example a reasonable �t of the data obtained for texts on the 32{alphabet (measured in log(32) units) readshn � (0:25=pn) + 0:07 : (24)The dominating term is given by a root law 
orresponding to a ratherlong memory tail. We mention that a s
aling law of the root type was �rstfound by Hilberg who made a new �t for Shannon's original data [35℄. Weused our own data for n = 1 : : : 26 but in
luded also Shannon's result forn = 100. The slow de
ay of the 
onditional entropies may be interpreted bythe existen
e of long 
orrelations in texts.Let us now brie
y summarize results obtained from using other measuresof 
orrelations [10℄. At �rst we have 
al
ulated the algorithmi
 entropy a
-
ording to Lempel and Ziv whi
h is introdu
ed as the relation of the length
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essive Length 9of the 
ompressed sequen
e (with respe
t to a Lempel{Ziv 
ompression al-gorithm) to the original length. The results obtained for the Lempel{Ziv
omplexities (entropies) of several DNA-sequen
es and for texts were 
om-pared with the exponents of the mean square 
u
tuation of the 
ompositionand with di�usion exponents [10℄ Further we studied also the power spe
-trum whi
h is de�ned as the Fourier transform of the 
orrelation fun
tion.The results of spe
tra 
al
ulations for the original �le of the Bible, for MobyDi
k and for the same �les shu�ed on the word level or on the letter level
orrespondingly were presented in a foregoing work [10℄.We have shown that the spe
tra of the original texts have a 
hara
teristi
shape with a well{expressed low frequen
y part. This shows again the exis-ten
e of long{range 
orrelations in texts [10℄. Similar results were obtainedfor DNA-sequen
es [71, 57℄. We see from this analysis that DNA-sequen
esalso show some type of long 
orrelations. However as shown in [10℄ the long-range 
orrelations are only due to slow 
hanges in the 
omposition. As amatter of fa
t, the 
omposition (the letter 
ontent) of DNA (and also oftexts) 
u
tuates slowly with a wave length of 102 � 103. This 
u
tuation ofthe 
omposition is evidently the main reason for the observed 
hara
teristi
exponents. Shu�ing destroys these properties [10℄.Let us go now to the investigation of protein sequen
es [14℄. As well knownprotein stru
tures play a fundamental role in all living pro
esses [14℄. Thebuilding blo
ks of the proteins are the 20 amino a
ids whi
h we denote bythe letters of the alphabetX = A;C;E;G; ::::; Y;W (25)In this way the primary stru
ture of a protein 
an be mapped to a linearstring on an alphabet with 20 letters. Typi
ally the protein strings have alength between 102 and 104. In other words, protein strings are mu
h shorterthan DNA-strings. Further, protein string show a very high degree of ran-domness [21℄ but nevertheless they 
ontain also many intriguing informations
onne
ted with their fun
tion and their history [5℄. All this together leads toserious diÆ
ulties in the statisti
al analysis of the primary stru
ture of pro-teins. A possible way to redu
e these diÆ
ulties is to use redu
ed alphabets[36℄.Here we shall use nevertheless the full alphabet; this restri
ts our investi-gation to a rather small statisti
al signi�
an
e. As a prototype we 
onsideredin an earlier work [14℄ the sequen
es pa
vspen and paphuman whi
h have alength L ' 5000. We 
al
ulated the transinformation for the protein pa
vspenand the transinformation for the protein paphuman. The predi
tability wasobtained by adding r0 = 0:05. We obtained several well expressed peakswhi
h show stru
tural regularities where the predi
tability is a little bit bet-ter than on other pla
es.



10 Werner Ebeling, Lutz Molgedey, J�urgen Kurths and Udo S
hwarzLooking at the length and at the size of the alphabet, protein sequen
esshow at least a formal similarity to musi
al strings. Therefore we have made a
omparison of the transinformation of these both types of information 
arriers[14℄. In the mentioned work [14℄ we 
al
ulated the transinformation and thepredi
tabilities for the Beethoven Sonatas 10 no 2 and no 3., for the BeethovenSonatas 28 and 48 and for Mozart's pie
es KV 311 and 330. The peaks showthat there exist strong 
orrelations between two notes at 
ertain distan
es.In this way several -from far analogies between pie
es of musi
 and proteinsequen
es have been shown.5 Appli
ations of entropy 
on
epts to data analysisPredi
tion of strong noisy data using 
lassi
al linear methods usually failsto give a

urate and reliable 
on�den
e level of the predi
tion. Moreover thelinear methods are dominated by the most frequent events. However pre-di
tability may not be 
onstant in time and even higher for rare events.The 
on
ept of entropy and lo
al predi
tability in 
ombination with 
lassi-
al methods is good 
andidate to give reliable results. Appli
ations of these
on
epts to meteorologi
al strings were given in [55, 78℄ and to nerve signalsin [13℄.In the following our 
on
ept will be demonstrated on daily sto
k indexdata St: Dow Jones 1900-1999 (27044 trading days). Sin
e the sto
k indexitself has an exponentially growing trend one uses daily logarithmi
 pri
e
hanges xt = ln(St)� ln(St�1) : (26)A dire
t appli
ation of the entropy 
on
ept requires a partitioning of thereal value data xt into symbols At of an alphabet having the length �. To �ndan optimal partition and alphabet is a pro
ess of maximizing the Kolmogorov-Sinai entropy. However for strong noisy signals with short memory an equalfrequen
y of the letters is near to optimal. To be 
on
rete � = 3 and At =0;xt < �0:0025 (strong de
rease in the sto
k value), At = 2;xt > 0:0034(strong in
rease), At = 2 (intermediate) were 
hosen.The result of the 
al
ulation of the lo
al un
ertainty hn(A1; : : : ; An) forthe next trading day following behind an observation of n trading daysA1; : : : ; An a

ording (3) for n = 5 is plotted in Fig. 1. The lo
al un
er-tainty is almost near one, i.e. the lo
al predi
tability is almost very small.However behind 
ertain patterns of sto
k movements A1; : : : ; An the lo
alpredi
tability rea
hes 8% { a notable value for the sto
k market, whi
h isusually pure random. The mean predi
tability over the full data set is lessthen 2% (see Fig. 2).The question of the signi�
an
e of the predi
tion is treated by 
al
ulatinga distribution of lo
al un
ertainty hSn(A1; : : : ; An) by help of surrogates. The
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essive Length 11surrogate sequen
es have the same two point probabilities p(2)(A2jA1) as theoriginal sequen
e [73, 61, 62, 56, 9℄. The level of signi�
an
e K is 
al
ulatedas Kn(A1; : : : ; An) = hn(A1; : : : ; An)� hhSn(A1; : : : ; An)i� ; (27)where hhSn(A1; : : : ; An)i is the mean and � is the standard deviation of thelo
al un
ertainty distribution for the word A1; : : : ; An.Assuming Gaussian statisti
s jKj � 2 represents 
on�den
e greater then95%. However the lo
al un
ertainty distribution is more exponential distri-bution like. Therefor larger K{values are required to guarantee signi�
an
e.For the analyzed data set a word length up to 6 seems to give reliable results.Fortunately higher lo
al predi
tabilities 
oin
ides with larger levels ofsigni�
an
e as seen in Fig. 1 and from Table 1.Sin
e we used a timeseries over a very long period we have to addressthe problem of non-stationary by dividing the original timeseries into smallerpie
es. Furthermore instead of produ
ing surrogates on the level of Sym-bols one 
an dis
uss surrogates obtained by models of a sto
kmarkets likeARCH/GARCH-models[52℄. This has been done in [53℄.

870601 870701 870803 870901 871001 871102 871201 871231

0.93

0.94

0.95

0.96

0.97

0.98

0.99

1.00

Fig. 1. Lo
al un
ertainty of the 6th symbol when seen 5 symbols for the se
ond halfof 1987. The greyvalue 
odes the level of signi�
an
e 
al
ulated from a surrogatewith memory of 2. Dark represents a large deviation from the noise level (goodsigni�
an
e). Note the higher predi
tability following the O
tober-Crash.
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1 2 3 4 5 6 7 8Fig. 2. Conditional entropy hn = Hn+1 �Hn as a fun
tion of word length n
word un
ert. K word un
ert. K word un
ert. K020 0.971 -27.9 1112 0.954 -14.3 11110 0.919 -9.5112 0.971 -30.5 0000 0.957 -12.0 11120 0.926 -9.1110 0.977 -23.4 1110 0.958 -15.0 20000 0.926 -6.9120 0.981 -29.4 0110 0.960 -14.9 11112 0.931 -8.7000 0.982 -18.5 0020 0.961 -12.5 10120 0.933 -5.2212 0.983 -19.5 1102 0.962 -12.4 22202 0.933 -9.4202 0.984 -22.9 2020 0.966 -10.6 00000 0.934 -6.4111 0.985 -20.1 0200 0.968 -10.6 11011 0.937 -9.7121 0.985 -12.4 0202 0.969 -14.6 02000 0.939 -5.7012 0.987 -14.2 0120 0.971 -12.3 02020 0.941 -5.1102 0.988 -10.5 2112 0.971 -9.0 00020 0.943 -6.4Table 1. Words with the highest predi
tability
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Fig. 3. Lo
al un
ertainty distribution of the surrogate sequen
e for the word 11110
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Fig. 4.Moving exponential average of the lo
al un
ertainty h5 with an hal
ife periodof 5 years for the full dataset.
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ations of 
omplexity 
on
eptsWe have applied the 
on
ept of measures of 
omplexity to experimental datawhere other tools of linear as well as nonlinear data analysis fail. The areasof appli
ation range from astro- and geophysi
s, via physiology to 
ognitivepsy
hology [29, 43, 44, 59, 65, 79, 23, 26, 60, 27℄.

Fig. 5. Ta
hogram of a healthy person.Su
h experimental data 
onsists usually of real numbers. Therefore, the�rst ne
essary step is to transform them into a symboli
 string, i.e. the dataare transformed into a series of the same length but the elements are only afew symbols. In doing so one loses a 
ertain amount of detailed information,but some of the invariant, robust properties of the dynami
s are retained. Inthe best 
ase, su
h a transformation generates a Markov partition. However,in most examples of natural systems we know neither the existen
e of su
h apartition nor their 
onstru
tion. Therefore, more pragmati
 transformationshave to be used whi
h may be not Markovian ones [77, 75℄.We distinguish stati
 transformations, where the transformation is basedon a few thresholds (see appli
ation to 
ardiology) and dynami
 ones, wherewe 
onsider the step-to-step di�eren
e of data points adja
ent in time (seeappli
ation to 
ognitive 
omplexity). The 
hoi
e of the kind of transformationis of parti
ular importan
e. In 
ase of rather small data re
ords, as it typi
allyo

ur in appli
ations, a transformation into only few symbols is to re
om-mend. This manner, the transformation is 
ontext-dependent. If possible,
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h a 
oarse-graining should, hen
e, be based on some physi
al motivation.Otherwise, we highly re
ommend to 
ompare di�erent transformations intosymbols.Cardiology: Dete
ting High-Risk-Patients for the Sudden Car-dia
 DeathEvery year several 100,000 persons die due to the sudden 
ardia
 deaththat is 
aused by 
ardia
 �brillation. Without any warning it even 
an o

urby subje
ts who are up to this time apparently healthy or medi
ally in
on-spi
uous. By use of 
onventional methods only 30% of all a�e
ted persons arediagnosed as high-risk-patients. This is an important 
hallenge to nonlineardynami
s.The aim of our investigation is to get by means of nonlinear dynami
s a
lear improvement of the dete
tion rate of persons with a high risk for thesudden 
ardia
 death. An essential point is the �nding of new parameters,whi
h des
ribe the 
omplex pro
esses and their intera
tions for dete
tingthose high-risk-patients, who 
ould not re
ognized by traditional - mostlylinear methods.The basis of our analysis is the heart-rate-variability (HRV) whi
h isyielded from 30 minutes and 24-hour ECG-measurements, i.e. from non-invasive methods. It is important to emphasize even in 
ase of healthy volun-teers, the variability shows a broad variety of stru
tures. This is essentially
aused by the fa
t that the system whi
h generates the HRV has to by 
onsid-ered as an open one whose energy 
hanges temporally as well as from personto person.The following appli
ation of the 
on
ept of 
omplexity leads to an im-proved risk strati�
ation: From various tests it 
omes out that for our purposeat least 4 di�erent symbols are ne
essary. The most appropriate transforma-tion is a stati
 one: si = 8>><>>:0 if ti > (1 + a)�1 if � < ti � (1 + a)�2 if (1� a)� < ti � �3 if ti � (1� a)� (28)where ti are the RR-intervals, � is their mean value and a = 0:1.To analyze the symboli
 strings, Shannon and Renyi entropies of length-3 words are 
al
ulated. As expe
ted, the Shannon entropy is not so usefulas the generalized Renyi entropies. We use in parti
ular the H(q)k for q =0:25 and for q = 4 to des
ribe the 
omplexity. It is interesting to note thatalready the distribution of length-3 words yields a 
riterion for a distin
tionof both groups: For persons with high 
ardia
 risk, this distribution is mainly
on
entrated on about 10 words (of 64 possible ones), whereas healthy personsare 
hara
terized by a more uniform distribution.The renormalized entropy is espe
ially related to 
ompare di�erent statesof one system. An important problem of its appli
ation is to 
hoose a suit-able referen
e state, i.e. spe
ial person in our 
ase. We 
hoose that healthy
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e person who has the largest renormalized entropy. Notethat this 
hoi
e does not sensitively in
uen
e the results. From this, we in-deed get an indi
ation for high 
ardia
 risk in two dire
tions. If 4 ~H (Eq. 22)is very low, a strongly redu
ed variability is expressed and, on the other side,if 4 ~H is rather large, an ex
eptional variability is indi
ated.
Fig. 6. Bimanual rhythm produ
tion: The �gure illustrates the sequen
e of �ngermovements and their ideal timing for a polyrhythm (3 beats per 
y
le in the lefthand versus 4 beats per 
y
le in the right hand) at a 
y
le duration of 1200 ms.R refers to the right, L to the left index �nger. A 
y
le starts with simultaneousstrokes of the two �ngers.It is important to note that none of these measures of 
omplexity aloneis suÆ
ient to des
ribe the risk. Therefore, we 
ombine several measures of
omplexity with traditional methods from time and frequen
y domain. Ap-plying this 
ombination method to ECG measurements from 572 survivers ofa
ute myo
ardial infar
tion, we get a signi�
ant better predi
tion of high ar-rhythmia risk than the standard measurement of global heart rate variability[74℄.Cognitive Psy
hology: Syn
hronization and Coordination of Move-mentsThe abilities to perform pre
ise movements, 
oordinate movements be-tween di�erent limps, or adjust them to external performan
e 
onstraints,
onstitute general, but highly 
omplex human 
apa
ities. Biologists and psy-
hologists have for a long time been interested in these 
apa
ities in orderto gain insights into the fun
tionality of the 
entral nervous system. Morere
ently, the dynami
 systems perspe
tive has been applied to a number ofphenomena related to motor 
ontrol [72℄ and human development of 
ognitionand a
tion [70℄.Krampe et al. [45℄ investigated the produ
tion of bimanual rhythms ina large number of subje
ts di�ering in musi
al (pianist) skills, and also age.One task in these experiments required polyrhythmi
 performan
e, that is,the 
ombination of di�erent rhythms in the two hands (see Fig. 6).
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Fig. 7. Phase shift in the performan
e of a 3 against 4 polyrhythm as a fun
tionof tempo in one subje
t. Trials have been sorted by tempo for this illustration.The trial number is provided by the x-axis and 
orresponds to the external 
ontrolparameter (tempo); trial number 1 refers to a 
y
le duration of 800 ms, trial number112 to a tempo of 8200 ms per 
y
le. The position of a single interval within a giventrial is provided by the y-axis. Only intervals from the left hand (1-36) are shown.Bla
k pixels indi
ate intervals whi
h are longer than their immediate prede
essor,otherwise a white pixel is set. A 
hange of the pattern 
an be observed in a regionaround trial number 47, whi
h 
orresponds to a performan
e tempo of 1400 ms per
y
le.The task was performed on two keys of an ele
troni
 piano 
onne
ted to a
omputer whi
h measured the time intervals between su

essive keystrokes.The external 
ontrol parameter, that is the pres
ribed tempo, was experimen-tally varied a
ross trials for ea
h subje
t between 800 ms and 8200 ms 
y
leduration; for highly skilled subje
ts, performan
e was assessed at speeds asfast as 500 ms per 
y
le. After a short syn
hronization phase during whi
hsubje
ts 
ould play along with the rhythm generated by the 
omputer andadjust to the pres
ribed tempo, parti
ipants had to 
ontinue their perfor-man
e without external support for another 12 
y
les. A 
omplete 
ontinua-tion trial 
onsists of 36 intervals between left, and 48 intervals between righthand keystrokes, whi
h should ideally be of equal duration for a given hand.Methods from symboli
 dynami
s permit to investigate whether the em-piri
ally observed variation in the duration of these intervals 
an be des
ribedas an orderly sequen
e of violations of the pres
ribed duration within trials,and whether these systemati
 patterns emerge or dissolve as a fun
tion of the
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ontrol parameter performan
e tempo. We have 
hosen one parti
-ular 
oding s
heme to get symboli
 strings (Fig. 7). The 
oding s
heme usedhere transforms 
ontinuous measures of interval duration to a di
hotomousvariable based on lo
al 
omparisons between su

essive keystrokes performedwith the same hand. A given interval terminated by a left hand keystroke(only these data are 
onsidered here for illustration) re
eives a value of '1', ifits duration ex
eeds the duration of the pre
eding interval between left-handkeystrokes, otherwise the value is '0'. Values of '1' are indi
ated by bla
kpixels in Fig. 7.Already this simple transformation 
learly suggests a qualitative shift instrategies for the realization of the polyrhythmi
 task as a fun
tion of perfor-man
e tempo. The 
al
ulation of di�erent measures of 
omplexity exhibitsthat this transition is signi�
ant and that it is typi
al for young and oldamateurs but also for 
on
ert pianists [23℄. This qualitative transition hasbeen modeled using a delayed feedba
k 
ontrol. We 
on
lude that the 
om-plexity of 
oordinated bimanual movements results from intera
tions betweennonlinear 
ontrol me
hanisms with delayed feedba
k and sto
hasti
 timing
omponents.Astrophysi
s: Organization of Solar Spikes

Fig. 8. Dynami
 spe
trograms of millise
ond spikes. The data was re
orded by thefrequen
y-agile solar radio spe
trometer in ETH Z�uri
h on 6 June, 1983. Low 
ux:white. High 
ux: bla
k. The resolution in frequen
y is 1 MHz and in time 0.2 se
.
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Fig. 9. Algorithmi
 
omplexity 
al
ulated from the irregular spike pattern pre-sented in Fig. 8.The variation of solar ele
tromagneti
 radiation and the parti
le emissionis mainly 
aused by solar a
tivity. Flares are the most violent manifestation ofsolar a
tivity. They are 
aused by a rapid release of energy stored in the 
oro-nal magneti
 �eld. Understanding the 
are phenomenon requires to identifyand model a large variety of physi
al pro
esses involved. From observations ofsolar radio emission we know that the impulsive phase of this primary energyrelease in 
ares is fragmented into a multitude of substru
tures, 
alled spikes(Fig. 8) whi
h are triggered almost simultaneously. Therefore, properties ofspikes give some detailed insight into the nature of this impulsive phase.Depending on the assumed energy release and emission pro
esses, twotypes of fragmentation are now under dis
ussion: a s
enario of global orga-nization (spikes are emitted in a su

ession of similar events by the samesystem) or a s
enario of lo
al organization (many systems are triggered byan initial event).We have sear
hed for interrelations of spikes emitted simultaneously atdi�erent frequen
ies during the impulsive phase of a 
are event [65℄. To 
har-a
terize su
h 
omplex spatio-temporal patterns, su
h as dynami
 spe
tra(Fig. 8) measured in solar radio astronomy, we use quantities of symboli
dynami
s, su
h as Shannon information and algorithmi
 
omplexity. Thisapproa
h is appropriate to 
hara
terize these patterns, whereas the popularestimate of fra
tal dimensions and related te
hniques fail here.In the 
ase of the analyzed dynami
 spe
tra the length of the symboli
strings is about 400. To improve the statisti
s, we 
on
atenate up to ten
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essive s
ans of the dynami
 spe
trum. We observe inall 
ases that the only e�e
t of su
h 
on
atenation is a smoothing in Shannoninformation and algorithmi
 
omplexity.The Shannon information and algorithmi
 
omplexity of the symbol se-quen
e are used for 
omparing the 
onsidered observation with others, or withmodels (surrogates) and for 
hara
terizing the observation. These measures
on
ern the whole frequen
y region, i.e. the global sour
e region. This way,we �nd out that global organization is also apparent in quasi-periodi
 
hangesof these Shannon information and algorithmi
 
omplexity in the range of 2 {8 se
onds (Fig. 9).Our analysis of spike events suggests that the stru
ture in frequen
y isnot sto
hasti
 but a pro
ess in whi
h spikes at nearby lo
ations are simulta-neously triggered by a 
ommon ex
iter.7 Con
lusionsLet us summarize the main results obtained here.{ The dynami
 entropy (un
ertainty of next state) is 
onne
ted with pre-di
tability.{ The Shannon entropy and algorithmi
 
omplexity are measures of ran-domness, but alternative measures, su
h as EMC or renormalized en-tropy, relate highest 
omplexity to phase transitions and are, therefore,more appropriate to des
ribe 
omplex systems.{ Typi
al time series and information 
arrying sequen
es (DNA, texts, pro-teins, musi
) show 
orrelations on many s
ales (in
luding those of verylong range).{ Measures of 
omplexity are useful tools in various �elds (e.g. physiology,astro- and geophysi
s) where te
hniques of linear and nonlinear data anal-ysis fail.Our results show that the dynami
 entropies and other 
omplexity mea-sures are an appropriate measure for studying the predi
tability of evolution-ary pro
esses. Of parti
ular interest are lo
al studies of the predi
tabilitiesof 
ertain lo
al histories. Long 
orrelations are of spe
i�
 interest sin
e theyimprove the predi
tability. This means, one 
an in prin
iple improve thepredi
tions by basing the predi
tions at longer observations. Further we 
an
on
lude that there are spe
i�
 substrings, whi
h are relatively seldom, wherethe lo
al un
ertainty is mu
h smaller than the average i.e. the predi
tabilityis mu
h better than in average. In other words, there are spe
i�
 situationswhere the predi
tability is mu
h better than the average predi
tability. Itmay be of pra
ti
al importan
e to �nd out all substrings whi
h belong tothis parti
ular 
lass.It was no spa
e here to dis
uss the relation to other measures of long{rangerelations based on methods of statisti
al physi
s, as e.g. algorithmi
 entropy,
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orrelations fun
tions, meansquare deviations [10℄, 1=fÆ noise [76, 10℄, ands
aling exponents [57, 71, 10℄.In 
on
lusion we would like to express the hope that the analysis of en-tropies, predi
tabilities and other 
omplexity measures 
ould be developed touseful instruments for studies of the large{s
ale stru
ture of a rather broad
lass of time series from various �elds and information{
arrying sequen
es.8 A
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