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Abstract. The structure of time series and letter sequences is investigated using
the concepts of entropy and complexity. First conditional entropy and transinfor-
mation are introduced and several generalizations are discussed. Further several
measures of complexity are introduced and discussed. The capability of these con-
cepts to describe the structure of time series and letter sequences generated by
nonlinear maps, data series from meteorology, astrophysics, cardiology, cognitive
psychology and finance is investigated. The relation between the complexity and
the predictability of informational strings is discussed. The relation between local
order and the predictability of time series is investigated.

1 Introduction

The category of entropy was introduced in 1864 by Rudolf Clausius into
physics and in a different context in 1949 by Claude Shannon into informa-
tion theory. Applications to the structure of sequences were already given
by Shannon [66], who published in 1951 the seminal paper on ”Predictions
and Entropy of Printed English”. Later Shannon’s approach was applied also
to other languages [81, 18], to biosequences and to many other information
carriers [25, 28, 11, 12, 82, 15, 16, 37, 30, 31, 48, 32, 18, 3]. The extension
of Shannon’s concept to the investigation of dynamic processes is due to
Kolmogorov and Sinai [41, 69].

The concept of the Kolmogorov-Sinai entropy belongs to the key concepts
of the modern theory of dynamical systems [64].

A few years later Kolmogorov developed a concept for the characterization
of the complexity of sequences [42]. Several related concepts were developed
later [47, 39, 21, 1, 77, 29, 65, 43, 44, 22].

Entropy and complexity concepts provided new tools for the investigation
of irregular time series which play a great role in many branches of science
[38].

Our investigation of time series is restricted on the concepts of conditional
entropies, mutual information and complexity, as well as on certain general-
izations.
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Our working hypothesis is that many time series and most information

carriers as texts, pieces of music and biosequences are not first order Markov
processes both have higher order correlations. Further we expect some struc-
tural analogies to strings generated by nonlinear processes.
In some cases we expect the existence of long-range correlations. This hy-
pothesis was checked by the analysis of the behavior of the dynamic entropies,
the transinformations and other correlation measures [16, 31, 10, 83]. Here
this line of investigations will be continued. In comparison to our earlier work
special attention is paid here to

2 Conditional entropies and predictability

In physics the entropy concept is connected with the names of Boltzmann,
Gibbs, Einstein, Onsager, Prigogine and others. The relation between phys-
ical and information-theoretical concepts has been discussed by Maxwell,
Szilard, Brillouin and other workers [18, 3].

Here we are mainly concerned with the applications of the entropy concept
to time series and to information carriers. In order to proceed let us assume
that the processes or structures to be studied are modeled by trajectories on
discrete state spaces having the total length L. Let A be the length of the
alphabet. Further let A; A, ... A, be the letters of a given subtrajectory of
length n < L. Let further p(™ (A, ... A,) be the probability to find in the
total trajectory a block (subtrajectory) with the letters A; ... A,. Then we
may introduce the entropy per block of length n:

Hy == p™(Ar... Ap)logp!™ (4 ... Ay) (1)

From the block entropies we derive the conditional (dynamic) entropies by
the definition

Further we define r, = 1 — h,, as the average predictability of the state fol-
lowing immediately after a measured n-trajectory.

These quantities are called by Shannon n-gram entropies. The limit of the
conditional entropy for large n is the entropy of the source (Kolmogorov -
Sinai entropy). We have seen, that the predictability of processes is closely
connected with the conditional (dynamic) entropies. Let us consider now cer-
tain section of length n of the trajectory, a time series or another sequence
of symbols A; ... A,, which often is denoted as a subcylinder. We are inter-
ested in the uncertainty of the predictions of the state following after this
subtrajectory of length n. We define now the expression

hD(Ar . An) = p(Anga|Ar .. Ap)logp(Apsa] AL An)™ (3)
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as the uncertainty of the next state (1 step into the future) of the state
following behind the measured trajectory A;...A,(A; € alphabet). Here
and in the following all logs are measured in A-units. We note that in these
units the inequality holds:

0<hM(4...4,)<1 (4)
Further we define
(A A =1-hD (4. A) (5)

as the predictability of the next state following after a measured subtrajec-
tory, which is a quantity between zero and one. [19, 20, 63].
We note that the average of the local uncertainty

B =D = (WD (A1 Ay)) (6)
= p(Ar .. A)h{D(Ar .. Ap) (7)

leads us back to Shannon’s n-gram conditional entropy. Let us consider other
possible generalizations. If we want to predict the state which follows not
immediately after the observed n-string, but only after k steps into the future
we may define the quantity

WAy An) = p(Angil A Ap)log p(AnpilAr . An)™ (8)

This is the uncertainty of the state which occurs k steps into the future after
the observation of an n-block, or symbolically

[A1 ... Ap](k — 1 states)[?] 9)
Further we may define accordingly the local predictabilities [19]
r (AL Ay =1— R (A .. A,) (10)

For n = 1 the average predictability is closely related to the transinforma-
tion (mutual information) [33, 34] and the information flow [63]. The mutual
information can be expressed by our predictabilities by

I(k) = r§k> + 7

where ro = 1 — Hj is the predictability of a letter, if no preknowledge is
available. For systems with long memory it makes sense to study the a whole
series of predictabilities with increasing n-values (where n is denoted by the
lower index)
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where m is an estimate for the length of the memory. Since

T;kll 2 ngk)

the average predictability may be improved by taking into account longer
blocks. In other words, one can gain advantage for prediction by basing the
predictions not only on actual states but on whole trajectory blocks which
represent the actual state and its history. Let us mention that the conditional
entropies may be exactly calculated for several model systems [28, 12, 17]. In
our empirical investigations described below we considered only the transin-
formation, also called mutual information, which is a special case of our
concepts. The transinformation is explicitly defined as

p(n) (Aiv Aj)
)(A;) - PV (4;)

A A p

For completeness let us further define I(0) = Hy and I(—n) = I(n). The
transinformation is a special measure of correlations [37, 30, 31, 33, 34] which
is closely related to the autocorrelation function [57, 71].

For our analysis the following relations between the entropies and pre-
dictabilities defined above and the transinformation are of special impor-
tance.

hy = Hy — I(1) (13)

™ = I(n) +ro (14)

In other words, the predictability of a letter n steps ahead is the sum of
the mutual information and the overall predictability of letters ro = 1 — Hj.
As shown by several authors [25, 37, 33, 76], the transinformation is also a
reliable measure for the correlations of letters in the distance n. Every peak
at n corresponds to a strong positive correlation. [33, 34]

3 Concepts of complexity

Observational data from astrophysical, geophysical or physiological experi-
ments are typically quite different from those obtained in laboratories. Often
we have rather short, noisy, irregularly sampled time series. More important,
however, is that non-stationary and very complicated behavior in time is
usually observed. In such cases, well-known global characteristics of the un-
derlying processes, such as periodicities or fractal dimension, do not provide
a sufficient description. With respect to modeling often the question arises
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whether the data have any structure at all, for example correlations, and
of what kind the structure is. The concept of complexity is an appropriate
approach to analyze such data.

During the past decade numerous definitions of complexity have been pro-
posed (e.g. [42, 77, 28, 54, 7, 4, 51, 2, 24, 68, 50]) and successfully used in
various fields, ranging from information processing (e.g. [42, 6], and theory
of dynamical systems (e.g. [77, 28, 80]) to thermodynamics (e.g. [7, 8, 68]),
astrophysics [29, 65], geophysics [79], evolution theory (e.g. [46, 67]) and
medicine diagnostics (e.g. [44, 60]). Recently, some generalizations of this ap-
proach to analyze two-dimensional objects have been proposed [26, 60, 27].
Many of these definitions rely on the intuitive impression that complexity
should reflect some hidden order of a phenomenon, which nevertheless pos-
sesses a certain degree of randomness. Neither well-ordered nor completely
disordered objects are seemingly complex; thus complexity appears some-
where at the borderline between disorder and order. Formally, this implies
that complexity is a convex function of the disorder, provided the latter is
appropriately defined (see [68] for a discussion).

Quite commonly, the definition of disorder is based on the comparison
of the Boltzmann — Gibbs — Shannon entropy H; (Eq. 1) with the maximal
possible entropy of the system H{"**. The value of the maximal entropy
H™* depends on the nature of the system, but for the simplest case when
N states are available, the maximal entropy is achieved for the equiprobable
distribution:

H™* =log, N. (15)

It is important to note that Shannon entropy is a measure of randomness,
i.e. it assigns highest complexity for white noise-like behavior, where past and
future are uncorrelated. Other popular measures, especially the algorithmic
complexity [39] or the approximative entropy [58] have the same property;
we call this class traditional measures of complexity.

Such a characterization is, however, not sufficient for many systems, es-
pecially in nonlinear dynamics. We, therefore, present another kind: non-
traditional or alternative measures of complexity which relate highest com-
plexity at phase transitions, e.g. the onset of chaos.

A straightforward notion of such an alternative measure has been re-
cently proposed by combining disorder and order. The disorder is defined as
H/H™* and correspondingly the disorder-based complexity I}, g [68]:

Thp=(1—H/H™®)(H/H™™®)" (16)

For a > 0,8 > 0, I, g is a convex function of the disorder. Other values
of these parameters may correspond to alternative definitions of complexity
[68].

The relevance of the complexity measure I', s as introduced by Eq. (16)
has been demonstrated in application to the logistic map and to one-dimensional
spin-systems [68]. We however wish to stress two features of the definition
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(16): (i) it exploits a concept of “maximal possible entropy”, which for some
systems may not be easily computed and even unambiguously defined, and
(ii) it lacks in accounting for inherent correlations in the system, which are
certainly an important component of order, and thus of complexity. By con-
struction this measure relates zero complexity to most random behavior,
e.g. equiprobable distribution as well as to simple ordered states.

Grassberger [28] introduced another approach to complexity which is
based on the differences of block entropies h,, (Eq. 2). This Effective Measure
Complexity (EMC) is defined as

EMC = i 1 (hnet — hy) (17)

EMC describes the behavior of the local difference h,, as it converges toward
the dynamical entropy of the dynamical system. It can also be written as an
average Kullback information, for instance in terms of conditional probabili-
ties, as demonstrated in [49].

It is easy to see that EMC vanishes for both, for most random case, such
as white noise, and for constant symbolic strings. It goes to infinity in period
doubling sequences, i.e. it goes to infinity along this typical route to chaos.

One of the most interesting complexity measures is the renormalized en-
tropy, originally introduced by Klimontovich [40] in thermodynamics. It takes
into account that the energy of an open system changes with its control pa-
rameter, which makes a direct comparison of Shannon entropies impossible.
The main idea is that the Shannon entropy for different system states is
normalized to a fixed value of mean effective energy. This approach, loosely
speaking, renormalizes the entropy obtained from a time series z(t) of a cer-
tain system state in such a manner that the mean effective energy coincides
with that of a reference state z,.(t).

Starting from these two time series, we can easily estimate the correspond-
ing probability distributions f(z) and f,(z). By using formal arguments from
thermodynamics the effective energy is defined as:

hesy(z) = —log fr(x) (18)

The renormalization of f, into fr is constructed such that the mean effective
energies (hess) of f and f, are equal. To make this idea operational, we first
represent the distribution in terms of the canonical Gibbs distribution

fr(ﬂi) - exp(%f’;”m) (19)

which can be rewritten as

frl@) = C(T.zp) - exp(= 1), (20)

where Tepp and (T, ss) are the effective temperature resp. the free effective
energy. Because h sy can be calculated from Eq. (18), there are two unknowns
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in Eq. (20): C(Tesy) and T,ps. They are determined from the following two
conditions.

a) Normalization:
/fr(a:) dr =1

b) Equality of mean effective energy:

/ heg(2) ], (2) da = / hegy () f () da.

Hence, fr fulfills the properties wanted. Consequently, we can compare the
Shannon entropies of f and f,

H= —/f(a:) log f(z) dx and H, = —/fr(a:) log f,(x) dz  (21)
For that the renormalized entropy difference
AH =H — H, (22)

is introduced. It is important to note that AH is a relative measure that
depends on the reference state chosen.

If this reference state is chosen suitable, then AH relates smaller values
to periodic and random behavior than to chaotic dynamics [59].

There are some other alternative measures of complexity, such as the
epsilon-complexity [7] or the fluctuation complexity. We compared the prop-
erties of these measures in detail for the logistic map [77] and found that there
is till now no outstanding alternative measure of complexity; each of them is
sensitive against certain structural changes. The proper choice of these mea-
sures is context-dependent. Therefore we recommend to compare the proper
choice of these measures in each special application. We will demonstrate in
Chap. 6 how efficient these measures can be used in several applications.

4 Applications to biosequences and other information
carriers

In genetic data banks one can find nowadays a very large number of DNA-
sequences and there is an urgent need for the development of tools which
formalize their analysis. Formally, DNA-sequences are linear string written
on an alphabet consisting on four letters

X =A,C,G,T (23)

A genom contains about 1 - 100 billion nucleotides and corresponds there-
fore to a very long string, which however consists in general of several pieces.
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The strings which are available for a statistical analysis comprise in general
10* — 10° letters. Since Gatlins pioneering work ”Information theory and the
living system” [25], the calculation of entropic measures for genetic sequences
as conditional entropies and transinformations has found many fruitful appli-
cations [37, 30, 31, 13]. In particular we mention the development of criteria
to differ between coding and noncoding regions [33, 34] For genetic sequences
several authors have pointed out the existence of long range correlations
[37, 31, 76, 71, 57, 10].

However an analysis of the average uncertainties (the dynamic entropies)
yields rather high values. Measured in bits the limit uncertainty is in most
cases larger than 1.8 bit, i.e. larger than 0.9 in A units [25, 30]. For this reason
the average dynamic entropies do not seem to be the appropriate instrument
to analyze DNA-strings. However as we can show, local investigations of the
entropy and the transinformation might be very powerful for the analysis of
long correlations. In [14] we presented the lowest uncertainties of predictions
for the interval 9800 - 10300 of the DNA of the virus HIV2BEN. In spite of
the fact that the average uncertainty is rather high hs = 0.94, we may find
special positions where the uncertainty is lower than 0.83 [14]. For example,
if we observe the triple gtc, then with large probability an a or a g is expected
to follow. If however the triple aac is fold then the most probable continuation
is either a or c. These simple rule increase locally the predictability.

Since for DNA a huge material on the mutual information is available [37, 30]
we will not go here into further detail. Let us only mention that DNA-strings
show some (formal) analogies to texts.

Let us discuss now in brief several results which are available for texts.
We have studied for example MELVILLE’s Moby Dick (L =~ 1,170,200) and
GRriMM’s Tales (L & 1,435,800). Our methods for the analysis of the entropy
of sequences were in detail explained elsewhere [14]. We have shown that at
least in a reasonable approximation the scaling of the entropy against the
word length is at large n given by a root law.

For example a reasonable fit of the data obtained for texts on the 32—
alphabet (measured in log(32) units) reads

By =~ (0.25/+/n) + 0.07 . (24)

The dominating term is given by a root law corresponding to a rather
long memory tail. We mention that a scaling law of the root type was first
found by Hilberg who made a new fit for Shannon’s original data [35]. We
used our own data for n = 1...26 but included also Shannon’s result for
n = 100. The slow decay of the conditional entropies may be interpreted by
the existence of long correlations in texts.

Let us now briefly summarize results obtained from using other measures
of correlations [10]. At first we have calculated the algorithmic entropy ac-
cording to Lempel and Ziv which is introduced as the relation of the length
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of the compressed sequence (with respect to a Lempel-Ziv compression al-
gorithm) to the original length. The results obtained for the Lempel-Ziv
complexities (entropies) of several DNA-sequences and for texts were com-
pared with the exponents of the mean square fluctuation of the composition
and with diffusion exponents [10] Further we studied also the power spec-
trum which is defined as the Fourier transform of the correlation function.
The results of spectra calculations for the original file of the Bible, for Moby
Dick and for the same files shuffled on the word level or on the letter level
correspondingly were presented in a foregoing work [10].

We have shown that the spectra of the original texts have a characteristic
shape with a well-expressed low frequency part. This shows again the exis-
tence of long-range correlations in texts [10]. Similar results were obtained
for DNA-sequences [71, 57]. We see from this analysis that DNA-sequences
also show some type of long correlations. However as shown in [10] the long-
range correlations are only due to slow changes in the composition. As a
matter of fact, the composition (the letter content) of DNA (and also of
texts) fluctuates slowly with a wave length of 10> — 103. This fluctuation of
the composition is evidently the main reason for the observed characteristic
exponents. Shuffling destroys these properties [10].

Let us go now to the investigation of protein sequences [14]. As well known
protein structures play a fundamental role in all living processes [14]. The
building blocks of the proteins are the 20 amino acids which we denote by
the letters of the alphabet

X =A,CE,G,...YW (25)

In this way the primary structure of a protein can be mapped to a linear
string on an alphabet with 20 letters. Typically the protein strings have a
length between 10? and 10*. In other words, protein strings are much shorter
than DNA-strings. Further, protein string show a very high degree of ran-
domness [21] but nevertheless they contain also many intriguing informations
connected with their function and their history [5]. All this together leads to
serious difficulties in the statistical analysis of the primary structure of pro-
teins. A possible way to reduce these difficulties is to use reduced alphabets
[36].

Here we shall use nevertheless the full alphabet; this restricts our investi-
gation to a rather small statistical significance. As a prototype we considered
in an earlier work [14] the sequences pacvspen and paphuman which have a
length L ~ 5000. We calculated the transinformation for the protein pacvspen
and the transinformation for the protein paphuman. The predictability was
obtained by adding rg = 0.05. We obtained several well expressed peaks
which show structural regularities where the predictability is a little bit bet-
ter than on other places.
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Looking at the length and at the size of the alphabet, protein sequences
show at least a formal similarity to musical strings. Therefore we have made a
comparison of the transinformation of these both types of information carriers
[14]. In the mentioned work [14] we calculated the transinformation and the
predictabilities for the Beethoven Sonatas 10 no 2 and no 3., for the Beethoven
Sonatas 28 and 48 and for Mozart’s pieces KV 311 and 330. The peaks show
that there exist strong correlations between two notes at certain distances.
In this way several -from far analogies between pieces of music and protein
sequences have been shown.

5 Applications of entropy concepts to data analysis

Prediction of strong noisy data using classical linear methods usually fails
to give accurate and reliable confidence level of the prediction. Moreover the
linear methods are dominated by the most frequent events. However pre-
dictability may not be constant in time and even higher for rare events.
The concept of entropy and local predictability in combination with classi-
cal methods is good candidate to give reliable results. Applications of these
concepts to meteorological strings were given in [55, 78] and to nerve signals
in [13].

In the following our concept will be demonstrated on daily stock index
data S;: Dow Jones 1900-1999 (27044 trading days). Since the stock index
itself has an exponentially growing trend one uses daily logarithmic price
changes

Ty = ln(St) - ln(St_l) . (26)

A direct application of the entropy concept requires a partitioning of the
real value data x; into symbols A; of an alphabet having the length A. To find
an optimal partition and alphabet is a process of maximizing the Kolmogorov-
Sinai entropy. However for strong noisy signals with short memory an equal
frequency of the letters is near to optimal. To be concrete A = 3 and A; =
0;z; < —0.0025 (strong decrease in the stock value), A; = 2;x; > 0.0034
(strong increase), A; = 2 (intermediate) were chosen.

The result of the calculation of the local uncertainty h,(A4i,...,Ay) for
the next trading day following behind an observation of n trading days
A1,..., A, according (3) for n = 5 is plotted in Fig. 1. The local uncer-
tainty is almost near one, i.e. the local predictability is almost very small.
However behind certain patterns of stock movements Aq,..., A, the local
predictability reaches 8% — a notable value for the stock market, which is
usually pure random. The mean predictability over the full data set is less
then 2% (see Fig. 2).

The question of the significance of the prediction is treated by calculating
a distribution of local uncertainty h3 (A, ..., A,) by help of surrogates. The
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surrogate sequences have the same two point probabilities p(2) (A2]Ay) as the
original sequence [73, 61, 62, 56, 9]. The level of significance K is calculated
as

hn(Ar, ..., Ap) — (RS (Ar, .. L AR))

Kn(Ar, ..., Ay) = - : (27)
where (h(Aq,...,Ay)) is the mean and o is the standard deviation of the
local uncertainty distribution for the word Ai,..., A,.

Assuming Gaussian statistics |K| < 2 represents confidence greater then
95%. However the local uncertainty distribution is more exponential distri-
bution like. Therefor larger K—values are required to guarantee significance.
For the analyzed data set a word length up to 6 seems to give reliable results.

Fortunately higher local predictabilities coincides with larger levels of
significance as seen in Fig. 1 and from Table 1.

Since we used a timeseries over a very long period we have to address
the problem of non-stationary by dividing the original timeseries into smaller
pieces. Furthermore instead of producing surrogates on the level of Sym-
bols one can discuss surrogates obtained by models of a stockmarkets like
ARCH/GARCH-models[52]. This has been done in [53].
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Fig. 1. Local uncertainty of the 6th symbol when seen 5 symbols for the second half
of 1987. The greyvalue codes the level of significance calculated from a surrogate
with memory of 2. Dark represents a large deviation from the noise level (good
significance). Note the higher predictability following the October-Crash.
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Fig. 2. Conditional entropy hn, = Hp41 — Hy as a function of word length n

[word[uncert.[K  [[word]uncert.JK [[word [uncert.[K ||

020 10.971 |-27.9(|1112]0.954 |-14.3|{11110{0.919 |-9.5
112 10.971 |-30.5(|0000]0.957 |-12.0{|]11120|0.926 |-9.1
110 |0.977 |-23.4({1110|0.958 |-15.0{{20000(0.926 |-6.9
120 |0.981 |-29.4({0110(0.960 |-14.9||11112|0.931 |-8.7
000 |0.982 |-18.5|{0020(0.961 |-12.5(|/10120|0.933 |-5.2
212 ]0.983 |-19.5||1102 (0.962 |(-12.4||122202/0.933 |-9.4
202 (0.984 |[-22.9(|2020|0.966 |-10.6/|00000{0.934 |-6.4
111 10.985 |-20.1{|0200|0.968 |-10.6{{11011(0.937 |-9.7
121 10.985 |-12.4(|0202|0.969 |-14.6(|02000(0.939 |-5.7
012 10.987 |-14.2|[0120)0.971 |-12.3(|02020]|0.941 |-5.1
102 |0.988 |-10.5(|2112|0.971 |-9.0 |{00020(0.943 |-6.4

Table 1. Words with the highest predictability
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6 Applications of complexity concepts

We have applied the concept of measures of complexity to experimental data
where other tools of linear as well as nonlinear data analysis fail. The areas
of application range from astro- and geophysics, via physiology to cognitive
psychology [29, 43, 44, 59, 65, 79, 23, 26, 60, 27].
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Fig. 5. Tachogram of a healthy person.

Such experimental data consists usually of real numbers. Therefore, the
first necessary step is to transform them into a symbolic string, i.e. the data
are transformed into a series of the same length but the elements are only a
few symbols. In doing so one loses a certain amount of detailed information,
but some of the invariant, robust properties of the dynamics are retained. In
the best case, such a transformation generates a Markov partition. However,
in most examples of natural systems we know neither the existence of such a
partition nor their construction. Therefore, more pragmatic transformations
have to be used which may be not Markovian ones [77, 75].

We distinguish static transformations, where the transformation is based
on a few thresholds (see application to cardiology) and dynamic ones, where
we consider the step-to-step difference of data points adjacent in time (see
application to cognitive complexity). The choice of the kind of transformation
is of particular importance. In case of rather small data records, as it typically
occur in applications, a transformation into only few symbols is to recom-
mend. This manner, the transformation is context-dependent. If possible,
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such a coarse-graining should, hence, be based on some physical motivation.
Otherwise, we highly recommend to compare different transformations into
symbols.

Cardiology: Detecting High-Risk-Patients for the Sudden Car-
diac Death

Every year several 100,000 persons die due to the sudden cardiac death
that is caused by cardiac fibrillation. Without any warning it even can occur
by subjects who are up to this time apparently healthy or medically incon-
spicuous. By use of conventional methods only 30% of all affected persons are
diagnosed as high-risk-patients. This is an important challenge to nonlinear
dynamics.

The aim of our investigation is to get by means of nonlinear dynamics a
clear improvement of the detection rate of persons with a high risk for the
sudden cardiac death. An essential point is the finding of new parameters,
which describe the complex processes and their interactions for detecting
those high-risk-patients, who could not recognized by traditional - mostly
linear methods.

The basis of our analysis is the heart-rate-variability (HRV) which is
yielded from 30 minutes and 24-hour ECG-measurements, i.e. from non-
invasive methods. It is important to emphasize even in case of healthy volun-
teers, the variability shows a broad variety of structures. This is essentially
caused by the fact that the system which generates the HRV has to by consid-
ered as an open one whose energy changes temporally as well as from person
to person.

The following application of the concept of complexity leads to an im-
proved risk stratification: From various tests it comes out that for our purpose
at least 4 different symbols are necessary. The most appropriate transforma-
tion is a static one:

if t>0+a)p
if p<t;<(Q+a)p
if (I-ap<ti<p
if t<(1-apu

(28)

S; =

W N = O
—
iy

where t; are the RR-intervals, p is their mean value and a = 0.1.

To analyze the symbolic strings, Shannon and Renyi entropies of length-
3 words are calculated. As expected, the Shannon entropy is not so useful
as the generalized Renyi entropies. We use in particular the H,gq) for ¢ =
0.25 and for ¢ = 4 to describe the complexity. It is interesting to note that
already the distribution of length-3 words yields a criterion for a distinction
of both groups: For persons with high cardiac risk, this distribution is mainly
concentrated on about 10 words (of 64 possible ones), whereas healthy persons
are characterized by a more uniform distribution.

The renormalized entropy is especially related to compare different states
of one system. An important problem of its application is to choose a suit-
able reference state, i.e. special person in our case. We choose that healthy
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proband as reference person who has the largest renormalized entropy. Note
that this choice does not sensitively influence the results. From this, we in-
deed get an indication for high cardiac risk in two directions. If AH (Eq. 22)
is very low, a strongly reduced variability is expressed and, on the other side,
if AH is rather large, an exceptional variability is indicated.

R R’
L RL R LR Lt

-+ttt

0 200 400 600 800 1000 1200
Time (msec)

Fig. 6. Bimanual rhythm production: The figure illustrates the sequence of finger
movements and their ideal timing for a polyrhythm (3 beats per cycle in the left
hand versus 4 beats per cycle in the right hand) at a cycle duration of 1200 ms.
R refers to the right, L to the left index finger. A cycle starts with simultaneous
strokes of the two fingers.

It is important to note that none of these measures of complexity alone
is sufficient to describe the risk. Therefore, we combine several measures of
complexity with traditional methods from time and frequency domain. Ap-
plying this combination method to ECG measurements from 572 survivers of
acute myocardial infarction, we get a significant better prediction of high ar-
rhythmia risk than the standard measurement of global heart rate variability
[74].

Cognitive Psychology: Synchronization and Coordination of Move-
ments

The abilities to perform precise movements, coordinate movements be-
tween different limps, or adjust them to external performance constraints,
constitute general, but highly complex human capacities. Biologists and psy-
chologists have for a long time been interested in these capacities in order
to gain insights into the functionality of the central nervous system. More
recently, the dynamic systems perspective has been applied to a number of
phenomena related to motor control [72] and human development of cognition
and action [70].

Krampe et al. [45] investigated the production of bimanual rhythms in
a large number of subjects differing in musical (pianist) skills, and also age.
One task in these experiments required polyrhythmic performance, that is,
the combination of different rhythms in the two hands (see Fig. 6).



Title Suppressed Due to Excessive Length 17

36

32
28
24

20

Position of interval in trial sequence (1-36)

1 12 23 34

90 101 12
Trlalnumber( tempo)

Fig. 7. Phase shift in the performance of a 3 against 4 polyrhythm as a function
of tempo in one subject. Trials have been sorted by tempo for this illustration.
The trial number is provided by the x-axis and corresponds to the external control
parameter (tempo); trial number 1 refers to a cycle duration of 800 ms, trial number
112 to a tempo of 8200 ms per cycle. The position of a single interval within a given
trial is provided by the y-axis. Only intervals from the left hand (1-36) are shown.
Black pixels indicate intervals which are longer than their immediate predecessor,
otherwise a white pixel is set. A change of the pattern can be observed in a region
around trial number 47, which corresponds to a performance tempo of 1400 ms per
cycle.

The task was performed on two keys of an electronic piano connected to a
computer which measured the time intervals between successive keystrokes.
The external control parameter, that is the prescribed tempo, was experimen-
tally varied across trials for each subject between 800 ms and 8200 ms cycle
duration; for highly skilled subjects, performance was assessed at speeds as
fast as 500 ms per cycle. After a short synchronization phase during which
subjects could play along with the rhythm generated by the computer and
adjust to the prescribed tempo, participants had to continue their perfor-
mance without external support for another 12 cycles. A complete continua-
tion trial consists of 36 intervals between left, and 48 intervals between right
hand keystrokes, which should ideally be of equal duration for a given hand.

Methods from symbolic dynamics permit to investigate whether the em-
pirically observed variation in the duration of these intervals can be described
as an orderly sequence of violations of the prescribed duration within trials,
and whether these systematic patterns emerge or dissolve as a function of the
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external control parameter performance tempo. We have chosen one partic-
ular coding scheme to get symbolic strings (Fig. 7). The coding scheme used
here transforms continuous measures of interval duration to a dichotomous
variable based on local comparisons between successive keystrokes performed
with the same hand. A given interval terminated by a left hand keystroke
(only these data are considered here for illustration) receives a value of ’1’, if
its duration exceeds the duration of the preceding interval between left-hand
keystrokes, otherwise the value is ’0’. Values of "1’ are indicated by black
pixels in Fig. 7.

Already this simple transformation clearly suggests a qualitative shift in
strategies for the realization of the polyrhythmic task as a function of perfor-
mance tempo. The calculation of different measures of complexity exhibits
that this transition is significant and that it is typical for young and old
amateurs but also for concert pianists [23]. This qualitative transition has
been modeled using a delayed feedback control. We conclude that the com-
plexity of coordinated bimanual movements results from interactions between
nonlinear control mechanisms with delayed feedback and stochastic timing
components.

Astrophysics: Organization of Solar Spikes

Radio frequency (MHz)

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140
Time (sec)

Fig. 8. Dynamic spectrograms of millisecond spikes. The data was recorded by the
frequency-agile solar radio spectrometer in ETH Ziirich on 6 June, 1983. Low flux:
white. High flux: black. The resolution in frequency is 1 MHz and in time 0.2 sec.
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Fig. 9. Algorithmic complexity calculated from the irregular spike pattern pre-
sented in Fig. 8.

The variation of solar electromagnetic radiation and the particle emission
is mainly caused by solar activity. Flares are the most violent manifestation of
solar activity. They are caused by a rapid release of energy stored in the coro-
nal magnetic field. Understanding the flare phenomenon requires to identify
and model a large variety of physical processes involved. From observations of
solar radio emission we know that the impulsive phase of this primary energy
release in flares is fragmented into a multitude of substructures, called spikes
(Fig. 8) which are triggered almost simultaneously. Therefore, properties of
spikes give some detailed insight into the nature of this impulsive phase.

Depending on the assumed energy release and emission processes, two
types of fragmentation are now under discussion: a scenario of global orga-
nization (spikes are emitted in a succession of similar events by the same
system) or a scenario of local organization (many systems are triggered by
an initial event).

We have searched for interrelations of spikes emitted simultaneously at
different frequencies during the impulsive phase of a flare event [65]. To char-
acterize such complex spatio-temporal patterns, such as dynamic spectra
(Fig. 8) measured in solar radio astronomy, we use quantities of symbolic
dynamics, such as Shannon information and algorithmic complexity. This
approach is appropriate to characterize these patterns, whereas the popular
estimate of fractal dimensions and related techniques fail here.

In the case of the analyzed dynamic spectra the length of the symbolic
strings is about 400. To improve the statistics, we concatenate up to ten
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symbol strings of successive scans of the dynamic spectrum. We observe in
all cases that the only effect of such concatenation is a smoothing in Shannon
information and algorithmic complexity.

The Shannon information and algorithmic complexity of the symbol se-
quence are used for comparing the considered observation with others, or with
models (surrogates) and for characterizing the observation. These measures
concern the whole frequency region, i.e. the global source region. This way,
we find out that global organization is also apparent in quasi-periodic changes
of these Shannon information and algorithmic complexity in the range of 2 —
8 seconds (Fig. 9).

Our analysis of spike events suggests that the structure in frequency is
not stochastic but a process in which spikes at nearby locations are simulta-
neously triggered by a common exciter.

7 Conclusions

Let us summarize the main results obtained here.

— The dynamic entropy (uncertainty of next state) is connected with pre-
dictability.

— The Shannon entropy and algorithmic complexity are measures of ran-
domness, but alternative measures, such as EMC or renormalized en-
tropy, relate highest complexity to phase transitions and are, therefore,
more appropriate to describe complex systems.

— Typical time series and information carrying sequences (DNA, texts, pro-
teins, music) show correlations on many scales (including those of very
long range).

— Measures of complexity are useful tools in various fields (e.g. physiology,
astro- and geophysics) where techniques of linear and nonlinear data anal-
ysis fail.

Our results show that the dynamic entropies and other complexity mea-
sures are an appropriate measure for studying the predictability of evolution-
ary processes. Of particular interest are local studies of the predictabilities
of certain local histories. Long correlations are of specific interest since they
improve the predictability. This means, one can in principle improve the
predictions by basing the predictions at longer observations. Further we can
conclude that there are specific substrings, which are relatively seldom, where
the local uncertainty is much smaller than the average i.e. the predictability
is much better than in average. In other words, there are specific situations
where the predictability is much better than the average predictability. It
may be of practical importance to find out all substrings which belong to
this particular class.

It was no space here to discuss the relation to other measures of long-range
relations based on methods of statistical physics, as e.g. algorithmic entropy,
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correlations functions, meansquare deviations [10], 1/f° noise [76, 10], and
scaling exponents [57, 71, 10].

In conclusion we would like to express the hope that the analysis of en-
tropies, predictabilities and other complexity measures could be developed to
useful instruments for studies of the large—scale structure of a rather broad
class of time series from various fields and information—carrying sequences.
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